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Devwudfw
Vkrxog wkh frqvwlwxwlrq ri d ihghudwlrq doorz iru shdfhixo vhfhvvlrqB Frqvwlwxwlrqdoo| ghqhg
vhfhvvlrq uxohv duh rswlpdo h{ srvw li wkh ihghudwlrq euhdnv grzq1 Krzhyhu/ wkh| pd| eh vxerswlpdo
h{ dqwh li wkh phpehu frxqwulhv uhfhlyh d ehqhw iurp wkh shufhlyhg orqj0whup vwdelolw| ri wkh
ihghudwlrq dqg frqvwlwxwlrqdoo| ghqhg vhfhvvlrq uxohv lqfuhdvh wkh suredelolw| ri d euhdn0xs1 Wkh
rswlpdo vrfldo frqwudfw wudghv r h{ dqwh ehqhwv dqg h{ srvw orvvhv/ dqg lw pd| dyrlg h{solflw
vhfhvvlrq uxohv1 Li wudqvihuv duh frvwo|/ wkh wudgh0r lv suhvhqw hyhq li h{ srvw uhqhjrwldwlrq lv
doorzhg1 Ilqdoo|/ zh vkrz wkdw xqghu dv|pphwulf lqirupdwlrq lw lv pruh gl!fxow wr nhhs wkh
ihghudwlrq wrjhwkhu dqg wkdw d vhfhvvlrq zdu pd| rffxu1
WSuhylrxv yhuvlrqv ri wklv sdshu kdyh ehhq suhvhqwhg dw vhplqduv khog dw wkh Xqlyhuvlw| ri Yhqlfh/ Fdwkrolf Xqlyhuvlw|
ri Plodq/ Erffrql Xqlyhuvlw|/ wkh ]HZ lqvwlwxw lq Pdqqkhlp1 Zh wkdqn doo sduwlflsdqwv iru xvhixo frpphqwv dqg lq
sduwlfxodu Djdu Euxjldylql/ Ulfkdug Fruqhv/ Jldqoxfd Ihplqlv/ Ehuqg Jhqvhu/ Ndl Nrqudg/ Sdror Pdqdvvh/ Mdfn Plqw}/
Sdqx Srxwyddud/ Nrqudg Vwdko/ Jxlgr Wdehoolql/ dqg Gdylg Zlogdvlq1 Lq sulydwh fruuhvsrqghqfh/ Plfkdho Oh Euhwrq dovr
rhuhg xvhixo frpphqwv1 Wkh qdo uhvsrqvdelolw| iru doo uhpdlqlqj huuruv uhvwv rq wkh dxwkruv rqo|1
=LXDY/ Yhqlfh dqg Fdwkrolf Xqlyhuvlw| ri Plodq> perugljCpl1xqlfdww1lw
gXqlyhuvlgdg Fduorv LLL gh Pdgulg/ Ghsduwdphqwr gh Hfrqrpðd gh od Hpsuhvd dqg Xqlyhuvlwã gl Fdjoldul1
euxvfrChps1xf6p1hv
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Optimal Secession Rules
By Massimo Bordignon and Sandro Brusco
Non-Technical Summary.
Should the member countries of a federation be allowed to leave peacefully
that federation? What is gained and what is lost when explicit secession
rules are introduced in a federal constitution? And if explicit secession rules
are to be introduced, how should they be structured?
Even if the federal constitution does not allow for explicit peaceful exit rules,
member states may always attempt to secede not peacefully. Indeed, if a
state perceives that remaining in a federation is against its interest, then it
is only the threat of military action that may induce it to give up its claims
to independence. Recent history is full of examples in which a secession was
eventually obtained, often at huge costs in terms of lost lives and wasted eco-
nomic resources. These examples suggest that ex ante (constitutional) rules
for leaving the federation could play a positive economic role, by reducing
the ex post cost of breaking up the federation. Yet, in most cases existing
federations do not allow for such rules. Even the most recent example of
a successfully formed federation, the European Monetary Union, does not
consider the possibility that some of its members might in the future decide
to regain their monetary sovereignty.
Why are secession rules so rarely part of a constitutional agreement? More in
general, which economic and institutional factors aect the optimal secession
rules? Since these rules are likely to be optimal ex post, in the event that the
federation breaks down, the rationale for their absence at the constitutional
level must lie in ex ante considerations. We argue that the absence of explicit
secession rules can be seen as a commitment device to increase the stability of
the federation. By not introducing these rules, the federation raises the exit
cost for its members, thus reducing the probability of a break-up in the future.
In turn, committing to a federation may be economically advantageous if
the benets a country receives from joining the federation depends on its
(expected) duration. For instance, it seems hard to dispute that this factor
was at work in the case of the EMU. Forming a monetary union, rather than,
say, agreeing to irrevocable xed exchange rates , may be more advantageous
exactly because it is more costly to break a monetary union than simply
unilaterally change an exchange rate. Thus, the expected benets of xed
exchange rates, in terms of reduced uncertainty and increased price stability,
may be more easily obtained with a single currency.
This suggests to look at optimal secession rules as a way to trade o ex ante
and ex post benets. In this paper, we make a rst attempt to address this
trade-o formally. We do it so by assuming that at the time of joining the
federation, the member countries can write a complete social contract (fed-
eral constitution) specifying transfers and secession rules in every possible
future contingency. In this setting, we derive the optimal secession rules un-
der scenarios of increasing complexity and realism. Under conditions of full
information, it turns out thaat secession rules may or may not be introduced,
depending on the relevance of the benets ex ante to commit to the feder-
ation, which in turn depend on the exact features of the public good which
is oered by the federation. However, if they are introduced, secession rules
should usually take the form of an \unconditional" right to secede; because
of the deadweight loss of taxation, no monetary compensation should be paid
by the leaving countries. Furthermore, although the optimal secession rules
{ or rather the lack of them { may induce some welfare loss ex post, a seces-
sion war is never possible. The constitution would always prefer to let the
countries leave peacefully if the alternative is a costly war.
Results may change if there is asymmetric information. In that case, it might
be optimal not to introduce secession rules at all at the constitutional level,
although this may lead to a costly secession war under some realization of
the states of the world. Furthermore, when secession rules are introduced,
they may also take the form of a \conditional" right to secede, with the leav-
ing countries being forced to pay monetary compensations to the remaining
countries. The reason for this reversal of results is that under asymmetric
information the countries which benet from the federation ex post may have
an incentive to lie in order to avoid paying compensating transfers. As the
federation breaks up more easily when the beneting countries lie, it may
be optimal to make it more costly to break the federation, so as to induce
truthful revelation of types. As a result, however, severe welfare losses may
occur under asymmetric information if the federation ends up breaking up.
4 Lqwurgxfwlrq
Vkrxog wkh phpehu frxqwulhv ri d ihghudwlrq eh doorzhg wr ohdyh shdfhixoo| wkdw ihghudwlrqB Zkdw lv
jdlqhg dqg zkdw lv orvw zkhq h{solflw vhfhvvlrq uxohv duh lqwurgxfhg lq d ihghudo frqvwlwxwlrqB Dqg li
h{solflw vhfhvvlrq uxohv duh wr eh lqwurgxfhg/ krz vkrxog wkh| eh vwuxfwxuhgB
Wkhvh txhvwlrqv duh ri sduwlfxodu lqwhuhvw zkhq lw lv uhdol}hg wkdw hyhq li wkh ihghudo frqvwlwxwlrq
grhv qrw doorz iru h{solflw shdfhixo h{lw uxohv/ phpehu vwdwhv pd| dozd|v dwwhpsw wr vhfhgh qrw
shdfhixoo|1 Lqghhg/ li d vwdwh shufhlyhv wkdw uhpdlqlqj lq d ihghudwlrq lv djdlqvw lwv lqwhuhvw/ wkhq lw lv
rqo| wkh wkuhdw ri plolwdu| dfwlrq wkdw pd| lqgxfh lw wr jlyh xs lwv fodlpv wr lqghshqghqfh1 Uhfhqw
klvwru| lv ixoo ri h{dpsohv lq zklfk d vhfhvvlrq zdv hyhqwxdoo| rewdlqhg/ riwhq dw kxjh frvwv lq whupv ri
orvw olyhv dqg zdvwhg hfrqrplf uhvrxufhv +Ervqld/ Hulwuhd,1 Lq rwkhu fdvhv/ d vhfhvvlrq zdv wkuhdwhqhg
lq rughu wr dfklhyh hfrqrplf dgydqwdjhv +Ehojlxp/ Orpedug|,1 Lq rwkhu fdvhv vwloo/ d vhfhvvlrq zdv
dwwhpswhg dqg eorfnhg e| wkh xvh ri plolwdu| irufh dqg uhvxowlqj hfrqrplf ghvwuxfwlrq +Nxuglvwdq,1
Wkhvh h{dpsohv vxjjhvw wkdw h{ dqwh +frqvwlwxwlrqdo, uxohv iru ohdylqj wkh ihghudwlrq frxog sod| d
srvlwlyh hfrqrplf uroh/ e| uhgxflqj wkh h{ srvw frvw ri euhdnlqj xs wkh ihghudwlrq1 \hw/ lq prvw fdvhv
h{lvwlqj ihghudwlrqv gr qrw doorz iru vxfk uxohv1 Dowkrxjk vrph ihghudo frqvwlwxwlrqv gr sd| ols vhuylfh
wr wkh uljkw ri vhfhvvlrq ri wkh phpehuv/ wklv uljkw lv xvxdoo| h{suhvvhg vr ydjxho| ru lw lv vr vhyhuho|
frqvwudlqhg wr vhhp kdugo| hhfwlyh lq sudfwlfh41
4Iru h{dpsoh/ wkh 4<:4 frqvwlwxwlrq ri wkh iruphu Vrfldolvw Ihghudo Uhsxeolf ri \xjrvodyld +dv wkh vlvwhu 4<:5 XUVV
frqvwlwxwlrq, h{solflwo| dfnqrzohgjhg wkh uljkw wr vhfhvvlrq ri wkh phpehu uhsxeolfv/ zlwkrxw krzhyhu ehlqj yhu| vshflf
rq wkh zd| lq zklfk wklv uljkw frxog eh lpsohphqwhg1 Dv klvwru| kdv vkrzq/ wklv odfn ri fodulw| pd| kdyh ehhq ghduo|
sdlg e| wkh frxqwu| lwvhoi1 Rq wkh frqwudu|/ wkh uhfhqw 4<<8 Hwklrsldq frqvwlwxwlrq uhfrjql}hv wkh uljkw wr vhfhgh iru wkh
phpehu qdwlrqv dqg lw vshoov rxw lq ghwdlo wkh uxohv iru vhfhvvlrq1 Krzhyhu/ wkh uxohv duh vr vwulfw +lqyroylqj d srvlwlyh
yrwh wr vhfhvvlrq e| wkh wzr0wklug pdmrulw| ri wkh Sduoldphqw/ d qdwlrqdo uhihuhqgxp dqg dq djuhhg0xsrq glylvlrq ri
dvvhwv, wr pdnh lw gl!fxow wr eholhyh wkh| frxog eh dssolhg lq sudfwlfh1 Lqwhuhvwlqjo|/ wkh frqvwlwxwlrqv ri vrph ri wkh qhz
frxqwulhv zklfk kdyh uhvxowhg iurp wkh glvvroxwlrq ri suh0h{lvwlqj ihghudwlrqv +vxfk dv Furdwld/ Vorydnld/ dqg Jhrujld,
h{solflwo| iruelg wkhvh frxqwulhv wr mrlq ihghudwlrqv zkhuh d uljkw wr vhfhgh lv qrw dfnqrzohgjhg wr wkh phpehuv1 Ilqdoo|/
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Wxuqlqj wr d ohvv gudpdwlf fdvh/ wkh prvw uhfhqw h{dpsoh ri d vxffhvvixoo| iruphg ihghudwlrq/ wkh
Hxurshdq Prqhwdu| Xqlrq/ grhv qrw frqvlghu wkh srvvlelolw| wkdw vrph ri lwv phpehuv pljkw lq wkh
ixwxuh ghflgh wr uhjdlq wkhlu prqhwdu| vryhuhljqw|1 \hw/ pdq| revhuyhuv ihdu wkdw d xqltxh prqhwdu|
srolf|/ qhfhvvdulo| d frpsurplvh dprqj wkh lqwhuhvwv ri vwloo yhu| glhuhqw frxqwulhv/ pd| wxuq rxw wr
eh xqehdudeoh iru vrph ri wkh phpehuv ri wkh Xqlrq1 Vkrxog wklv ohdg hyhqwxdoo| wr d euhdnxs ri
wkh prqhwdu| xqlrq/ lw zloo fhuwdlqo| uhvxow lq d vhulrxv glvuxswlrq ri hfrqrplf dqg srolwlfdo uhodwlrqv
lq Hxursh1 Djdlq/ h{solflw vhfhvvlrq uxohv frxog hdvh wkh surfhvv/ uhgxflqj wkh frvwv iru erwk wkh
uhpdlqlqj dqg wkh ohdylqj frxqwulhv ri wkh Xqlrq1
Zk| duh vhfhvvlrq uxohv vr uduho| sduw ri d frqvwlwxwlrqdo djuhhphqwB Pruh lq jhqhudo/ zklfk
hfrqrplf dqg lqvwlwxwlrqdo idfwruv dhfw wkh rswlpdo vhfhvvlrq uxohvB Vlqfh wkhvh uxohv duh olnho| wr eh
rswlpdo h{ srvw/ lq wkh hyhqw wkdw wkh ihghudwlrq euhdnv grzq/ wkh udwlrqdoh iru wkhlu devhqfh dw wkh
frqvwlwxwlrqdo ohyho pxvw olh lq h{ dqwh frqvlghudwlrqv1
Wkh devhqfh ri h{solflw vhfhvvlrq uxohv fdq eh vhhq dv d frpplwphqw ghylfh wr lqfuhdvh wkh vwdelolw|
ri wkh ihghudwlrq1 E| qrw lqwurgxflqj wkhvh uxohv/ wkh ihghudwlrq udlvhv wkh h{lw frvw iru lwv phpehuv/
wkxv uhgxflqj wkh suredelolw| ri d euhdn0xs lq wkh ixwxuh1 Wr sxw lw glhuhqwo|/ d frqvwlwxwlrqdoo|
jxdudqwhhg vhfhvvlrq fodxvh prglhv wkh h{ srvw lqglylgxdo udwlrqdolw| frqvwudlqw ri phpehu vwdwhv1
Iru d vwdwh wr uhpdlq lq d ihghudwlrq/ lw pxvw eh wkh fdvh wkdw wkh xwlolw| ri vwd|lqj lv juhdwhu wkdq wkh
xwlolw| ri ohdylqj1 Wkh odwwhu lv uhgxfhg zkhq d vhfhvvlrq fdq rqo| eh dwwhpswhg plolwdulo| udwkhu wkdq
wkurxjk frqvwlwxwlrqdo phdqv1 Vlqfh wkh devhqfh ri h{solflw h{lw uxohv lqfuhdvhv wkh frvw ri vhfhvvlrq/
lw zloo pdnh ohvv olnho| d euhdn0xs ri wkh ihghudwlrq1
Frpplwwlqj wr d ihghudwlrq pd| eh hfrqrplfdoo| dgydqwdjhrxv li wkh ehqhwv d frxqwu| uhfhlyhv
iurp mrlqlqj wkh ihghudwlrq ghshqgv rq lwv +h{shfwhg, gxudwlrq1 Iru lqvwdqfh/ lw vhhpv kdug wr glvsxwh
lw vkrxog dovr eh qrwhg wkdw qrw h{solflwo| dfnqrzohgjlqj d frqvwlwxwlrqdo uljkw wr vhfhgh lv qrw htxlydohqw wr ghq| lw>
vhh iru h{dpsoh wkh uhfhqw uxoh ri wkh Fdqdgldq Frqvwlwxwlrqdo Frxuw rq wkh dgplvvlelolw| ri wkh Txhehf vhsdudwlvwv
uhihuhqgxp1 Vhh Udlqd +4<<8,/ Errnpdq +4<<6, dqg Eodxvwhlq dqg Iodq} +4<<;, iru ixuwkhu lqvwlwxwlrqdo ghwdlov1
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wkdw wklv idfwru zdv dw zrun lq wkh fdvh ri wkh HPX1 Iruplqj d prqhwdu| xqlrq/ udwkhu wkdq/ vd|/
djuhhlqj wr luuhyrfdeoh {hg h{fkdqjh udwhv +dq h{shulphqw douhdg| dwwhpswhg lq wkh Hxurshdq frq0
wh{w/ zlwk glvpdo frqvhtxhqfhv,/ pd| eh pruh dgydqwdjhrxv h{dfwo| ehfdxvh lw lv pruh frvwo| wr euhdn
d prqhwdu| xqlrq wkdq vlpso| xqlodwhudoo| fkdqjh dq h{fkdqjh udwh1 Wkxv/ wkh h{shfwhg ehqhwv ri
{hg h{fkdqjh udwhv/ lq whupv ri uhgxfhg xqfhuwdlqw| dqg lqfuhdvhg sulfh vwdelolw|/ pd| eh pruh hdvlo|
rewdlqhg zlwk d vlqjoh fxuuhqf|1 Pruh jhqhudoo|/ wkh ehqhwv wkdw d frxqwu| pd| hqmr| e| mrlqlqj d
ihghudwlrq wrgd| +h1j1 vfdo fr0lqvxudqfh/ frpprq ghihqfh srolf|/ lqfuhdvhg wudgh hwf1, pd| eh kdughu
wr rewdlq li lw lv frpprqo| shufhlyhg wkdw wkh ihghudwlrq zloo qrw eh wkhuh wrpruurz1
Wklv vxjjhvwv wr orrn dw rswlpdo vhfhvvlrq uxohv dv d zd| wr wudgh r h{ dqwh dqg h{ srvw ehqhwv1
E| pdnlqj vhfhvvlrq pruh gl!fxow d ihghudwlrq surylghv dq h{ dqwh hfrqrplf dgydqwdjh wr lwv phpehuv/
dv wr d odujh h{whqw wkh vxffhvv ri wkh ihghudwlrq ghshqgv rq wkh shufhswlrq ri lwv ixwxuh gxudwlrq1
Rq wkh rwkhu kdqg/ uxohv pdnlqj vhfhvvlrq pruh gl!fxow lqfuhdvh wkh frvw ri d euhdn0xs vkrxog wklv
rffxu/ dqg pd| irufh wkh frxqwulhv wr vwlfn wrjhwkhu hyhq zkhq lw lv qr orqjhu h!flhqw wr gr vr1 Lq
wklv sdshu/ zh pdnh d uvw dwwhpsw wr dgguhvv wklv wudgh0r irupdoo|1 Zh gr vr e| dvvxplqj wkdw dw
wkh wlph ri mrlqlqj wkh ihghudwlrq/ wkh phpehu frxqwulhv fdq zulwh d frpsohwh vrfldo frqwudfw +ihghudo
frqvwlwxwlrq, vshfli|lqj wudqvihuv dqg vhfhvvlrq uxohv lq hyhu| srvvleoh ixwxuh frqwlqjhqf|1 Wklv vhhpv
wr eh d qdwxudo ehqfkpdun iru wkh dqdo|vlv/ rqh rq zklfk wr exlog iru ixwxuh uhvhdufk1 Ixuwkhupruh/
wkh frpsohwh frqwudfwv iudphzrun pd| qrw eh wrr pxfk rxw ri wkh pdun iru wkrvh ihghudo frqvwlwxwlrqv
+vxfk dv/ iru h{dpsoh/ wkh Pddvwulfkw Wuhdw|, zklfk gr lq idfw frqvlghu yhu| vshflf frqwlqjhqw uxohv
iru wkh phpehu frxqwulhv1
Lq wklv vhwwlqj/ zh ghulyh wkh rswlpdo vhfhvvlrq uxohv xqghu vfhqdulrv ri lqfuhdvlqj frpsoh{lw| dqg
uhdolvp1 Zh vwduw zlwk wkh ehqfkpdun fdvh ri ixoo lqirupdwlrq dqg qr uhqhjrwldwlrq1 Zh uvw vkrz
wkdw lq wklv fdvh wkhuh lv lqghhg wkh wudgh0r zh glvfxvvhg deryh= wr jdlq h{0dqwh ehqhwv wkh rswlpdo
frqvwlwxwlrq pd| dfwxdoo| lpsrvh h{ srvw orvvhv rq wkh phpehu frxqwulhv1 Krzhyhu/ zh dovr vkrz wkdw
xqghu frpsohwh lqirupdwlrq/ vhfhvvlrq uxohv duh xvxdoo| d sduw ri wkh rswlpdo ihghudo frqvwlwxwlrq1 Dw
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ohdvw lq wkh v|pphwulf fdvh lq zklfk doo frxqwulhv uhfhlyh h{ srvw d qhjdwlyh xwlolw| iurp pdlqwdlqlqj
ihghudwlrq/ wkh rswlpdo frqvwlwxwlrq doorzv wkh frxqwulhv wr vhsdudwh shdfhixoo|1 Qh{w/ zh vwxg| krz
vhfhvvlrq uxohv duh dhfwhg e| h{ srvw uhqhjrwldwlrq1 Uhqhjrwldwlrq lv fuxfldo wr rxu dujxphqw khuh/
ehfdxvh li frxqwulhv e| uhqhjrwldwlqj h{ srvw frxog xqgr doo wkdw lv zulwwhq lq wkh frqvwlwxwlrq h{
dqwh/ wkh wudgh0r zh irfxv rq lq wklv sdshu zrxog vlpso| glvdsshdu1 Zh vkrz wkdw wklv grhv qrw lq
jhqhudo kdsshq li wudqvihuv duh frvwo|1 Zkhq vrph frxqwulhv vxhu dqg vrph jdlq iurp wkh ihghudwlrq
h{ srvw/ e| qrw doorzlqj shdfhixo vhfhvvlrq wkh frqvwlwxwlrq fuhdwhv yhvwhg lqwhuhvwv lq pdlqwdlqlqj
wkh ihghudwlrq1 Li lqwhuqdwlrqdo wudqvihuv lqyroyh vrph h!flhqf| orvv/ orvhuv iurp wkh ihghudwlrq pd|
qrw kdyh hqrxjk uhvrxufhv wr frpshqvdwh wkh zlqqhuv1 Exloglqj rq wklv uhvxow/ zh wkhq ghulyh wkh
uhqhjrwldwlrq0surri rswlpdo frqvwlwxwlrq dqg frpsduh lw zlwk wkdw ri wkh ehqfkpdun fdvh1
Ilqdoo|/ zh uhod{ wkh dvvxpswlrq ri frpsohwh lqirupdwlrq1 Zh gr lw vr e| dvvxplqj wkdw phpehu
frxqwulhv kdyh ehwwhu lqirupdwlrq rq wkhlu fkdudfwhulvwlfv +l1h1 suhihuhqfhv dqg wd{ edvhv, wkdq wkh
ihghudo frqvwlwxhqw kdv1 Wklv lv dq lvvxh zklfk kdv udlvhg frqvlghudeoh lqwhuhvw lq wkh uhfhqw vfdo
ihghudolvp olwhudwxuh +l1h1 Odrqw/ 4<<8/ Orfnzrrg/ 4<<</ Fruqhv dqg Gd Vloyd/ 4<<</ Erugljqrq hw do1/
4<<9/ Wdehoolql dqg Shuvvrq/ 4<<9,/ hvshfldoo| zlwk uhihuhqfh wr wkh Hxurshdq Xqlrq1 Zh vkrz wkdw/
xqghu dv|pphwulf lqirupdwlrq/ lq rughu wr nhhs lqfhqwlyhv doljqhg wkh frqvwlwxhqw zloo lq jhqhudo pdnh
lw pruh gl!fxow iru wkh frxqwulhv wr ohdyh wkh ihghudwlrq/ qrw doorzlqj wkhp wr vhfhgh shdfhixoo| hyhq
lq wkrvh vwdwhv ri wkh zruog zkhuh pdlqwdlqlqj wkh ihghudwlrq lv vxerswlpdo h{ dqwh dqg qrw rqo| h{
srvw1 Lqghhg/ li frqglwlrqv ri dv|pphwulf lqirupdwlrq duh shuydvlyh/ qr vhfhvvlrq uxohv dw doo pd| zhoo
eh wkh rswlpdo vhfrqg ehvw vroxwlrq1 Dv d uhvxow/ kxjh zhoiduh orvvhv/ lqfoxglqj d srvvleoh vhfhvvlrq
zdu/ pd| fkdudfwhul}h wkh ihghudwlrq h{ srvw lq vrph vwdwhv ri wkh zruog1
Rxu zrun fdq eh vhhq dv frpsohphqwlqj wzr glhuhqw olqhv ri uhvhdufk lq hfrqrplfv= wkh uhfhqw
olwhudwxuh lqtxlulqj rq wkh uhdvrqv iru wkh euhdn0xs dqg wkh lqwhjudwlrq ri frxqwulhv +Errnpdq/ 4<<6/
Fdvhood/ 4<<5> Dohvlqd dqg Vsrdoruh/ 4<<:> Dohvlqd/ Shurwwl dqg Vsrdoruh/ 4<<8> Erowrq dqg Urodqg/
4<<:> Dohvlqd/ Vsrdoruh/ dqg Zdf}ldj/ 4<<;/ Erowrq/ Urodqg dqg Vsrdoruh/ 4<<9> Zhl/ 4<<5,/ dqg wkh
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roghu olwhudwxuh lqtxlulqj rq wkh qrupdwlyh uhdvrqv iru lqwurgxflqj vhfhvvlrq fodxvhv lq ihghudo frqvwl0
wxwlrqv +Exfkdqdq dqg Idlwk/ 4<;:> Fkhq dqg Rughuvkrrn/ 4<<7/ Zrrg/ 4<;4,1 Wkh iruphu olwhudwxuh
kljkoljkwv d qxpehu ri hfrqrplf dqg srolwlfdo uhdvrqv zk| frxqwulhv vkrxog glvvroyh ru lqwhjudwh>
krzhyhu/ lw grhv qrw uhdol}h wkdw vrph ri wkh frvwv ri grlqj vr duh hqgrjhqrxvo| +frqvwlwxwlrqdoo|,
ghwhuplqhg/ dqg vkrxog wkhuhiruh eh h{sodlqhg dqg qrw vlpso| dvvxphg1 Wkh odwwhu qgv d qxpehu ri
uhdvrqv iru lqwurgxflqj vhfhvvlrq uxohv lq ihghudo frqvwlwxwlrqv> krzhyhu/ lw grhv qrw dvn zk| vr ihz
h{lvwlqj ihghudo frqvwlwxwlrqv gr lq idfw doorz iru vhfhvvlrq fodxvhv1 Ilqdoo|/ dowkrxjk wkh lvvxh ri d
vhfhvvlrq fodxvh kdv douhdg| ehhq udlvhg lq frqqhfwlrq zlwk wkh HPX irupdwlrq +h1j1 Exfkdqdq/
4<<3/ Ehuqkro}/ 4<<5/ Dsrowh/ 4<<:,/ zh duh dzduh ri qr suhylrxv vwxg| zklfk kdv dwwhpswhg wr vwxg|
v|vwhpdwlfdoo| wkh wudgh0r lqyroyhg lq vxfk d fodxvh1
Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 5 zh vshoo rxw wkh prgho1 Lq vhfwlrq 6 zh
ghulyh wkh rswlpdo ihghudo frqvwlwxwlrq lq wkh ehqfkpdun fdvh ri ixoo lqirupdwlrq dqg qr uhqhjrwldwlrq1
Lq vhfwlrq 7 zh doorz frxqwulhv wr uhqhjrwldwh wkh Frqvwlwxwlrq h{ srvw dqg vwxg| wkh rswlpdo frqwudfw lq
wklv fdvh1 Vhfwlrq 8 fkdudfwhul}h wkh rswlpdo frqvwlwxwlrq xqghu dv|pphwulf lqirupdwlrq1 Frqfoxglqj
uhpdunv duh rhuhg lq vhfwlrq 91 Wkh dsshqgl{ froohfwv wkh surriv1
5 Wkh Prgho
Zh frqvlghu d vlpsoh hfrqrp| zlwk wkuhh frxqwulhv5 dqg wzr shulrgv/ dqg iru vlpsolflw| zh dvvxph
qr glvfrxqwlqj ehwzhhq shulrgv1 Lq shulrg 3/ wkh frxqwulhv kdyh wr ghflgh zkhwkhu ru qrw wr irup d
ihghudo xqlrq hqdeolqj wkhp wr surgxfh d sxeolf jrrg1 Wklv sxeolf jrrg lv h{foxgdeoh/ phdqlqj wkdw
li d frxqwu| grhv qrw ehorqj wr wkh ihghudwlrq lw zloo eh xqdeoh wr hqmr| lwv ehqhwv1 Dw shulrg 3
wkh frxqwulhv ljqruh zkdw wkhlu suhihuhqfhv derxw wkh sxeolf jrrg zloo eh lq shulrg 41 Krzhyhu/ lw lv
5Zh irfxv rq wkh wkuhh frxqwulhv fdvh/ ehfdxvh lw doorzv xv wr udlvh d qxpehu ri lvvxhv zklfk zrxog qrw kdyh dulvhg lq
wkh wzr frxqwulhv fdvh/ zkloh pdlqwdlqlqj wkh dqdo|vlv dw d uhodwlyho| vlpsoh ohyho1 Dv zloo eh fohdu vkruwo|/ wkh h{whqwlrq
wr wkh q frxqwulhv fdvh lv vwudljkwiruzdug1
9
frpprq nqrzohgjh wkdw wkhvh suhihuhqfhv zloo eh jlyhq e|=
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zkhuh p lv wkh dprxqw ri sulydwh frqvxpswlrq dw wlph 4/ J +q, lv wkh dprxqw ri wkh ihghudo sxeolf
jrrg wr zklfk frxqwu| l kdv dffhvv dw wlph 4 zkhq q frxqwulhv +lqfoxglqj l, ehorqj wr wkh ihghudwlrq
lq shulrg 4/ dqg  lv d udqgrp yduldeoh wdnlqj ydoxh  zlwk suredelolw| s dqg  zlwk suredelolw| 4s/
zkhuh  A 3 A 1 Wkxv/ wkh ihghudo sxeolf jrrg pd| wxuq rxw wr eh d edg iru vrph frxqwulhv lq
shulrg 41 Wkh udqgrp yduldeohv > 2 dqg  duh lqghshqghqwo| glvwulexwhg1 J+, lv dvvxphg wr eh dq
lqfuhdvlqj ixqfwlrq ri q/ fdswxulqj wkh lghd wkdw wkhuh duh lqfuhdvlqj uhwxuqv wr vfdoh lq wkh surgxfwlrq
ri wkh ihghudo sxeolf jrrg1 Wr pdnh wklqjv dv vlpsoh dv srvvleoh/ lq zkdw iroorzv zh dvvxph wkdw
J +q, @ 4 li q @ 6> dqg J +q, @ 3 rwkhuzlvh/ dqg zh qrupdol}h wkh frvw ri surgxflqj wkh sxeolf jrrg
wr 31 Wkxv/ wkh ihghudo sxeolf jrrg fdq rqo| eh surgxfhg +lq {hg txdqwlw| dqg dw qr frvw, li doo
frxqwulhv vwd| lq wkh ihghudwlrq dw shulrg 41
Wkh frqvxpswlrq ri wkh sulydwh jrrg e| frxqwu| l lv jlyhq e| p @ z .    W  zlwk z ehlqj
wkh lqlwldo zhdowk ri wkh frxqwu|/ dqg   dqg W / uhvshfwlyho|/ wkh vxevlg| rewdlqhg dqg wkh wd{ sdlg dw
wlph 41 Wkh wulsohw  @

> 2> 

lv wkh vwdwh ri wkh zruog dw shulrg 41 Wkh vhw ri doo srvvleoh vwdwhv
ri wkh zruog lv ghqrwhg zlwk 1 Ilqdoo|/ zh qrupdol}h wkh ohyho ri zhdowk e| vhwwlqj z @ 3 iru hdfk l1
Iru vlpsolflw|/ zh dvvxph wkdw dw shulrg 3 qr surgxfwlrq ri wkh ihghudo sxeolf jrrg rffxuv1 Qhy0
huwkhohvv/ li wkh frxqwulhv ghflgh wr irup wkh ihghudwlrq/ wkh| hqmr| lq shulrg 3 d xwlolw| zklfk lv dq
lqfuhdvlqj ixqfwlrq ri wkh suredelolw| wkdw wkh ihghudwlrq zloo eh pdlqwdlqhg lq shulrg 41 Wklv fdswxuhv
wkh lghd/ glvfxvvhg lq wkh lqwurgxfwlrq/ wkdw d ihghudwlrq surylghv juhdwhu xwlolw| wr lwv phpehuv zkhq
lw lv h{shfwhg wr odvw1 Lq shulrg 3 frxqwulhv duh lghqwlfdo/ dqg wkhlu xwlolw| lv jlyhq e|=
X f @  Su +q @ 6,
zkhuh   3 lv d sdudphwhu1 Qrwlfh wkdw/ vlqfh zh doorz iru vhfhvvlrq/ q lv d udqgrp yduldeoh1 Lwv
uhdol}dwlrq zloo ghshqg rq wkh sduwlfxodu uxohv fkrvhq iru vhfhvvlrq dw wkh frqvwlwxwlrqdo vwdjh dqg rq
:
wkh uhdol}dwlrq ri wkh vwdwh ri wkh zruog  @

> 2> 

1
Dw wkh frqvwlwxwlrqdo vwdjh/ wkh frxqwulhv kdyh wr ghflgh zkdw uxohv wr fkrrvh iru vhfhvvlrq/ dqg
zkdw uxohv wr fkrrvh iru uhglvwulexwlqj lqfrph dprqj wkhp1 Wkurxjkrxw wkh sdshu/ zh zloo dvvxph
wkdw dw shulrg 4 d frxqwu| kdv dozd|v wkh rswlrq wr vhfhgh ylrodwlqj wkh frqvwlwxwlrqdo uxohv +wkh
clqghshqghqfh zdu* rswlrq,1 Dw wkh vdph wlph/ diwhu irupdoo| mrlqlqj d ihghudwlrq/ d frxqwu| ghflglqj
wr ohdyh lw xqlodwhudoo| pxvw sd| d frvw1 Ixuwkhupruh/ zh dvvxph wkdw li rqh frxqwu| ghflghv wr vhfhgh
djdlqvw wkh frqvwlwxwlrqdo uxohv/ lw lpsrvhv d frvw rq wkh rwkhu frxqwulhv dv zhoo/ gxh wr wkh uhvxowlqj
hfrqrplf zhdnhqlqj ru glvvroylqj ri wkh vdph ihghudwlrq61 Iru vlpsolflw|/ zh zloo frqvlghu khuh rqo|
wkh fdvh lq zklfk wkh frvwv ri vhfhvvlrq duh v|pphwulf dprqj vhfhglqj dqg qrw vhfhglqj frxqwulhv1
Wkxv/ zh dvvxph wkdw li d frxqwu| ghflghv wr vhfhgh lq shulrg 4/ wkh ihghudwlrq lv glvvroyhg iru vxuh
dqg hdfk frxqwu| vxhuv d frvw f/ lqwhqghg dv wkh dprxqw ri uhvrxufhv ghvwur|hg lq wkh clqghshqghqfh
zdu*1
Wkh frqvwlwxwlrq pd| judqw d uljkw wr vhfhgh wr wkh phpehu frxqwulhv1 Lq wkdw fdvh/ li d frxqwu|
ghflghv wr ohdyh wkh ihghudwlrq xqlodwhudoo| lq shulrg 4/ wkh frvwv ri wkh lqghshqghqfh zdu duh dyrlghg/
dqg wkh ihghudwlrq pd| eh glvvroyhg dw orzhu frvwv iru doo frxqwulhv1 Iru vlpsolflw|/ zh zloo qrupdol}h
wkhvh glvvroylqj frvwv dw 31 Iru wkh vdnh ri jhqhudolw|/ krzhyhu/ zh dovr doorz wkh frqvwlwxwlrq wr judqw
d frqglwlrqdo uljkw wr vhfhgh wr wkh phpehu frxqwulhv/ e| dvnlqj d ohdylqj frxqwu| wr sd| +ru uhfhlyh,
d prqhwdu| frpshqvdwlrq wr +iurp, wkh uhpdlqlqj frxqwulhv71
6Wkh lqwhusuhwdwlrq wr eh jlyhq wr wkhvh frvwv ghshqgv rq wkh w|sh ri ihghudwlrq rqh kdv lq plqg1 Lq wkh fdvh ri HPX/
iru lqvwdqfh/ wkh frvwv ri d xqlodwhudo vhfhvvlrq iru wkh vhfhglqj frxqwu| zrxog odujho| eh lq whupv ri wkh frvw ri exloglqj
xs djdlq d fuhgleoh qdwlrqdo prqhwdu| lqvwlwxwlrq1 Iru wkh frxqwulhv uhpdlqlqj lq wkh HPX/ rq wkh rwkhu kdqg/ wkh frvw
ri d vhfhvvlrq zrxog odujho| eh lq whupv ri d orvv ri uhsxwdwlrq e| wkh Hxurshdq prqhwdu| lqvwlwxwlrqv/ olnho| uhvxowlqj lq
d shulrg ri vhulrxv qdqfldo lqvwdelolw|1 Lq wkh fdvh ri d srolwlfdo ihghudwlrq/ wkh frvwv ri d vhfhvvlrq iru erwk vhfhglqj dqg
qrw vhfhglqj frxqwulhv frxog eh lq whupv ri d vrxulqj ri lqwhuqdwlrqdo uhodwlrqvklsv/ zklfk pd| ohdg wr d plolwdu| frq lfw1
7 Lw fdq eh glvsxwhg/ ri frxuvh/ li d ihghudo frqvwlwxwlrq frxog eh vr vshflf wr kdyh vxfk dq h{solflw frpshqvdwlqj
fodxvh zulwwhq lq lw1 Dv zh vdz deryh/ zlwk wkh h{fhswlrq ri Hwklrsld/ prvw h{lvwlqj frqvwlwxwlrqv hlwkhu gr qrw doorz iru
vhfhvvlrq dw doo/ ru li wkh| gr/ wkh| xvxdoo| judqw dq xqfrqglwlrqdo uljkw wr vhfhgh wr phpehuv1 Lq sudfwlfh/ krzhyhu/ prvw
;
Wkh frqvwlwxwlrq fdq lq sulqflsoh vshfli| glhuhqw vhfhvvlrq dqg wudqvihu uxohv iru glhuhqw vwdwhv
ri wkh zruog1 Zh zloo ghqrwh e| g +, wkh ghflvlrq wr pdlqwdlq ru glvvroyh wkh ihghudwlrq dw shulrg 4
zkhq wkh vwdwh ri wkh zruog lv / zlwk g +, @ 4 ghqrwlqj wkh ghflvlrq wr pdlqwdlq wkh ihghudwlrq dqg
g +, @ 3 ghqrwlqj wkh ghflvlrq wr glvvroyh1
Sulydwh frqvxpswlrq fdq eh wudqvihuuhg dprqj frxqwulhv1 Krzhyhu/ zh dvvxph wkdw/ ehfdxvh ri
dgplqlvwudwlyh dqg lqfhqwlyh frvwv/ rqh xqlw ri frqvxpswlrq fdq eh wudqvihuuhg iurp rqh frxqwu| wr
dqrwkhu rqo| li d ghdgzhljkw frvw   3 lv sdlg1 Wklv phdqv wkdw lq rughu wr jlyh   3 xqlwv ri
frqvxpswlrq wr frxqwu| l/ wkh rwkhu frxqwulhv kdyh wr sd| d wd{ htxdo wr  +4 . , = Wkh frqvxpswlrq
ri frxqwu| l lq shulrg 4 dw vwdwh ri wkh zruog  lv wkhq htxdo wr wkh glhuhqfh ehwzhhq wkh wudqvihu
uhfhlyhg dqg wkh wd{ sdlg= p +, @   +,W  +,1 Wkxv/ d frqvwlwxwlrq vshflhv/ iru hdfk vwdwh ri wkh
zruog / wkh ghflvlrq g +, wr eh wdnhq dqg wkh wudqvihuv dqg wd{hv iru hdfk frxqwu| wr eh sdlg81 Wkh
vhtxhqfh ri hyhqwv zh frqvlghu lv wkh iroorzlqj=
41 Dw shulrg 3 wkh ihghudwlrq lv hlwkhu iruphg ru qrw iruphg1 Lq wkh uvw fdvh/ d frqvwlwxwlrq lv
gudiwhg dqg dssuryhg xqdqlprxvo| e| doo frxqwulhv lqyroyhg> lq wkh vhfrqg fdvh/ wkh jdph hqgv1
51 Dw wkh ehjlqqlqj ri shulrg 4/ wkh vwdwh ri zruog  lv uhdol}hg1 Wkh uhdol}dwlrq ri  pd| eh
revhuyhg e| doo frxqwulhv +ixoo lqirupdwlrq,/ ru e| frxqwu| l rqo| +dv|pphwulf lqirupdwlrq,>
Li uhqhjrwldwlrq lv doorzhg/ wkh frxqwulhv pd| ghflgh wr uhzulwh wkh frqvwlwxwlrqdo uxohv1
ri wkh h{dpsohv ri sdflf vhfhvvlrq lq wkh uhdo zruog glg lqyroyh vrph irup ri frpshqvdwlrq wr wkh uhpdlqlqj frxqwulhv ru
uhjlrqv1 Wkhuh duh dovr h{dpsohv +h1j1 Ehojlxp, zkhuh d ixoo vhfhvvlrq zdv qrw dfklhyhg suhflvho| ehfdxvh wkh vhsdudwlqj
uhjlrqv frxog qrw qg dq djuhhphqw rq wkh glylvlrq ri qdwlrqdo dvvhwv dqg oldelolwlhv +l1h1 sxeolf ghew,1 Ixuwkhupruh/
dv zh qrwhg douhdg|/ wkhuh duh h{dpsohv ri yhu| frqwlqjhqw ihghudo frqvwlwxwlrq1 Lq wkh fdvh ri wkh HPX/ iru h{dpsoh/
wkh vwdelolw| sdfw lpsrvhv vshflf uxohv ri ehkdylru rq wkh frxqwulhv uhpdlqlqj lq wkh ihghudwlrq/ lqyroylqj qhv iru
ylrodwlqj wkh uxohv1 Wkhvh fdq eh vhhq dv frpshqvdwlqj wudqvihuv qhfhvvdu| wr pdlqwdlq wkh ihghudwlrq1
8 Lq zkdw iroorzv wudqvihuv dqg wd{hv fdq eh sdlg dqg uhfhlyhg hyhq li _Ew ' f Wklv fdsxwhuv wkh lghd ri d frqglwlrqdo
uljkw wr vhfhgh wr zklfk zh uhihuuhg deryh1
<
61 Iroorzlqj wkh frqvwlwxwlrqdo uxohv/ d ihghudo ghflvlrq lv wdnhq derxw zkhwkhu wkh ihghudwlrq vkrxog
eh pdlqwdlqhg ru glvvroyhg dqg zkdw wudqvihuv vkrxog eh lpsohphqwhg1
71 Hdfk frxqwu| ghflghv zkhwkhu wr dffhsw wkh ihghudo ghflvlrq ru wr xqghuwdnh dq lqghshqghqfh
zdu1
81 Dffruglqj wr wkh ghflvlrqv wdnhq deryh/ wkh sd|rv ri wkh frxqwulhv duh uhdol}hg dqg wkh jdph
hqgv1
Lq rxu iudphzrun/ d frqvwlwxwlrq lv d vrfldo frqwudfw/ dqg wkh h{dfw frqwhqw ri wklv frqwudfw ghshqgv
rq wkh nlqg ri yduldeohv zh doorz wkh frqwudfw wr eh zulwwhq rq1 Wkh ehqfkpdun fdvh/ zklfk zh glvfxvv
lq wkh qh{w vhfwlrq/ lv wkdw ri frpsohwh frqwudfwv xqghu frpsohwh lqirupdwlrq dqg qr uhqhjrwldwlrq1
Diwhu kdylqj fkdudfwhul}hg wkh ehqfkpdun fdvh/ zh vwxg| krz wkh uhvxowv fkdqjh zkhq uhqhjrwldwlrq
lv doorzhg dqg dv|pphwulf lqirupdwlrq lv lqwurgxfhg1
6 Frpsohwh Lqirupdwlrq dqg Qr Uhqhjrwldwlrq
Zkhq ghdolqj zlwk wkh frpsohwh lqirupdwlrq sureohp/ zh fdq uhvwulfw rxu dwwhqwlrq zlwkrxw orvv ri
jhqhudolw| wr frqvwlwxwlrqv vxfk wkdw wkh h{ srvw lqglylgxdo udwlrqdolw| frqvwudlqw lv qhyhu ylrodwhg/ vr
wkdw wkh clqghshqghqfh zdu* lv qhyhu ghfoduhg1 Wkh h{shfwhg xwlolw| ri frxqwu| l lv jlyhq e|=
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Wkh h{shfwhg vrfldo zhoiduh lv wkh vxp ri wkh h{shfwhg xwlolwlhv=
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Vxevwlwxwlqj iru wkh deryh htxdwlrq/ zh fdq wkhq uhzulwh wkh vrfldo zhoiduh ixqfwlrq V dv=
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Vlqfh frxqwulhv duh h{0dqwh lghqwlfdo/ lw lv qdwxudo wr irfxv rq v|pphwulf frqvwlwxwlrqv1 E| wklv zh
phdq wkdw wkh ghflvlrq wr glvvroyh ru pdlqwdlq wkh ihghudwlrq lv edvhg rqo| rq wkh qxpehu ri *v
dqg *v/ dqg wkdw frxqwulhv kdylqj wkh vdph ohyho ri  uhfhlyh +sd|, wkh vdph wudqvihu +wd{,1 Dv 
lv ixoo| revhuydeoh dqg yhuldeoh/ wkhuh duh qr lqfhqwlyh frpsdwlelolw| frqvwudlqwv wr eh frqvlghuhg1
Ixuwkhupruh/ li lw wxuqv rxw wr eh rswlpdo wr irup wkh ihghudwlrq/ wkh h{ dqwh sduwlflsdwlrq frqvwudlqwv
duh wulyldoo| vdwlvhg lq wkh v|pphwulf fdvh1 Wkh rqo| vhulrxv frqvwudlqwv duh wkhuhiruh wkh h{ srvw
sduwlflsdwlrq frqvwudlqwv1 Wklv phdqv wkdw hdfk frxqwu| pxvw uhfhlyh dw ohdvw f lq hdfk vwdwh ri wkh
zruog 1 Zh vd| wkdw d frqvwlwxwlrq surylghv d vhfhvvlrq fodxvh li/ iru vrph vwdwh ri wkh zruog > wkh
ihghudwlrq lv frqvwlwxwlrqdoo| glvvroyhg/ vr wkdw g +, @ 31
Devhqw dv|pphwulf lqirupdwlrq +dqg lqfhqwlyh frpsdwlelolw| frqvwudlqwv,/ zh fdq vwxg| wkh rswlpdo
ghvljq ri wkh frqvwlwxwlrq orrnlqj vhsdudwho| dw hdfk vwdwh ri wkh zruog1 Dv frqvwlwxwlrqv duh v|pphwulf/
wkhuh duh irxu vwdwhv ri wkh zruog wr eh frqvlghuhg/ qdpho|=

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Wr ghulyh wkh rswlpdo frqvwlwxwlrq/ qrwh uvw wkdw li wkh ehqhwv jhqhudwhg e| wkh ihghudwlrq zhuh
lqghshqghqw ri lwv h{shfwhg gxudwlrq +l1h1  @ 3 lq +4,,/ wkhq wkh rswlpdo vrfldo frqwudfw zrxog wdnh
d yhu| vlpsoh irup=
 Li   f wkhq glvvroyh wkh ihghudwlrq zkhq
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wudqvihuv lpso| d ghdgzhljkw orvv lw lv rswlpdo wr vhw wkhlu ohyho dw }hur iru hyhu| vwdwh ri wkh
zruog1 Wkh frqglwlrq   f hqvxuhv wkdw wkh h{ srvw lqglylgxdo udwlrqdolw| frqvwudlqw lv vdwlvhg
iru hyhu| djhqw zkhq wudqvihuv duh }hur1
 Li  ? f wkhq wkh ihghudwlrq lv yldeoh rqo| li d wudqvihu ri dw ohdvw W @  + . f, lv sdlg wr
frxqwulhv ri w|sh = Wkhuhiruh wkh ghdgzhljkw orvv ri wudqvihuv kdv wr eh wdnhq lqwr dffrxqw1 Ohw
44
 eh d vwdwh ri wkh zruog/ dqg ohw m 5 i3> 4> 5> 6j eh wkh qxpehu ri frxqwulhv kdylqj  @ 1 Wkhq
wkh ihghudwlrq lv pdlqwdlqhg li +6 m,  . m  mW  3 dqg lw lv glvvroyhg rwkhuzlvh91
Zkhq srvlwlyh ehqhwv iurp gxudwlrq +l1h1  A 3, duh lqwurgxfhg/ lw pd| ehfrph h{ dqwh rswlpdo wr
suhvfuleh wkdw wkh ihghudwlrq eh pdlqwdlqhg lq vrph vwdwhv ri wkh zruog lq zklfk wklv lv qrw h{ srvw
rswlpdo1 Lq wklv fdvh lw lv qhfhvvdu| wr duudqjh wudqvihuv lq vxfk d zd| wkdw wkh h{ srvw sduwlflsdwlrq
frqvwudlqwv duh vdwlvhg1 Wr vhh krz wkhvh wzr hhfwv lqwhudfw lq ghwhuplqlqj wkh rswlpdo frqvwlwxwlrqdo
uxohv/ frqvlghu uvw wkh fdvh   f1 Vlqfh srvlwlyh wudqvihuv lqyroyh d ghdgzhljkw orvv/ wkh rswlpdo
fkrlfh lv wr vhw doo wudqvihuv htxdo wr }hur1 Wkh fkrlfh ehwzhhq pdlqwdlqlqj ru glvvroylqj wkh ihghudwlrq
lq shulrg 4 wkxv lqyroyhv d frpsdulvrq ehwzhhq wkh h{ dqwh ehqhwv dqg wkh h{ srvw srwhqwldo orvvhv
+dw }hur wudqvihuv,1 Wdnh iru h{dpsoh wkh fdvh +> > ,1 Iurp dq h{ dqwh shuvshfwlyh/ wkh ghflvlrq wr
pdlqwdlq wkh ihghudwlrq lq wklv vwdwh ri wkh zruog lpsolhv dq h{shfwhg ehqhw htxdo wr 6 Su

> > 
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/ vr wkdw wkh ihghudwlrq vkrxog eh pdlqwdlqhg li 6 .

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 3> hyhq li wklv lv
qrw h{ srvw h!flhqw +l1h1 li

 . 5

? 3,1 Wkh vdph frqfoxvlrq fdq eh uhdfkhg iru doo wkh rwkhu fdvhv1
Qh{w/ vxssrvh  ? f> lq wklv fdvh d wudqvihu W @  + . f, pxvw eh sdlg wr w|sh  lq rughu wr
nhhs lw lq wkh ihghudwlrq dqg wkh ghdgzhljkw orvv iurp wkh wudqvihu pxvw dovr hqwhu lq wkh rswlpdo
fkrlfh1 Iru h{dpsoh/ lq wkh fdvh +> > , wkh h{ dqwh vrfldo xwlolw| htxdov 6 . . 5 5W/ surylghg
wkdw dw wklv doorfdwlrq wkh lqglylgxdo udwlrqdolw| frqvwudlqw ri w|sh  lv dovr vdwlvhg > wkdw lv/ surylghg
wkdw  5+4.,W  f= Wkxv/ wkh frqvwlwxwlrq suhvfulehv wkdw wkh ihghudwlrq vkrxog eh pdlqwdlqhg
lq fdvh +> > , li erwk wkh frqglwlrqv 6 .  . 5 5W  3 dqg  5+4 . ,W . f  3 duh vdwlvhg/
dqg lw vkrxog eh glvvroyhg rwkhuzlvh1 Qrwlfh qrz wkdw wkh lqglylgxdo udwlrqdolw| frqvwudlqw ri w|sh 
lq fdvh +> > , fdq dovr eh uhzulwwhq dv  . 5  5W . 6f  31 Wklv lpsolhv wkdw wkh wzr frqglwlrqv
fdq eh zulwwhq dv=
 . 5  5W  6f  . 5  5W  6
9Qrwlfh wkdw wklv frqglwlrq lpsolhv wkdw wkh h{ srvw lqglylgxdo udwlrqdolw| frqvwudlqw iru w|sh w lv vdwlvhg1
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vr wkdw zh fdq vxppdul}h wkh wzr lqhtxdolwlhv e| wkh frqglwlrq=
 . 5  5W  6plq if> j +6,
Lq wkh fdvh  ? f> zkhq wkh lqhtxdolw| lq +6, lv vdwlvhg wkhq lw lv erwk ihdvleoh dqg frqyhqlhqw wr
pdlqwdlq wkh ihghudwlrq lq shulrg 41 Zh fdq wkhq vxppdul}h wkh uhvxowv ri wklv vhfwlrq lq wkh iroorzlqj
sursrvlwlrq=
Sursrvlwlrq 4 Dvvxph wkdw frpsohwh frqwudfwv duh srvvleoh/ wkhuh lv ixoo lqirupdwlrq/ dqg wkdw wkh
phpehu frxqwulhv duh deoh wr frpplw qrw wr uhqhjrwldwh wkh frqvwlwxwlrq1 Wkhq wkh rswlpdo vrfldo
frqwudfw suhvfulehv g +, @ 4 li=
[
'

  pd{
q
3>

 . f
r
 6plq if> j +7,
Zkhqhyhu wkh frqglwlrq lv vdwlvhg/ hdfk frxqwu| zlwk  @  uhfhlyhv d vxevlg| W @ pd{ i3> + . f,j1
Li frqglwlrq +7, lv qrw vdwlvhg wkhq g+, @ 3 dqg wudqvihu dqg wd{hv duh }hur1
Wkh sursrvlwlrq kdv d qxpehu ri lqwhuhvwlqj lpsolfdwlrqv1 Iluvw/ wkh rswlpdo frqvwlwxwlrq xvxdoo|
lqyroyhv d vhfhvvlrq fodxvh> iru h{dpsoh/ lq wkh fdvh +> > , dqg  ? f/ wkh rswlpdo frqvwlwxwlrq
fhuwdlqo| suhvfulehv g+> > , @ 31 Vhfrqg/ wkh uljkw wr vhfhgh/ zkhq judqwhg/ lv dozd|v xqfrqglwlrqdo1
Wudqvihuv duh vrfldoo| frvwo| dqg wkh| duh rqo| xvhg +dw wkh orzhvw srvvleoh ohyho, wr frqylqfh glvdgydq0
wdjhg frxqwulhv wr uhpdlq lq wkh ihghudwlrq1 Wkh wkuhdw ri xvlqj wkh vhfhvvlrq zdu lv fuhgleoh lq wklv
fdvh/ vlqfh  ? f lpsolhv wkdw wkh frxqwu| lv ehwwhu r jkwlqj udwkhu wkdq dffhswlqj wkh ihghudwlrq
zlwkrxw frpshqvdwlqj vxevlglhv1 Rq wkh rwkhu kdqg/ zkhq wkh ihghudwlrq lv frqvwlwxwlrqdoo| glvvroyhg
wkhuh lv qr qhhg wr frpshqvdwh frxqwulhv zlwk d kljk w|sh/ vlqfh lq wklv fdvh zdu lv qrw d fuhgleoh
wkuhdw1
Wklug wkhuh pd| eh d frq lfw ehwzhhq h{ dqwh dqg h{ srvw rswlpdolw|1 Zkhq wkhuh duh ehqhwv
iurp wkh h{shfwhg gxudwlrq ri wkh ihghudwlrq/ wkh vrfldo frqwudfw pd| lpsrvh wr wkh ihghudwlrq wr jr
rq hyhq li lw zrxog eh h{ srvw rswlpdo qrw wr gr vr vlqfh
S
 ? 31 Zh wkhuhiruh idfh d fodvvlfdo wlph
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lqfrqvlvwhqf| sureohp= phpehu frxqwulhv pd| eh whpswhg wr uhqhjrwldwh wkh frqvwlwxwlrq dqg glvvroyh
wkh ihghudwlrq h{ srvw1 Zh qrz lqyhvwljdwh zkhq wklv lv srvvleoh dqg zklfk hhfwv wkh srvvlelolw| ri
uhqhjrwldwlrq pd| kdyh rq wkh rswlpdo frqvwlwxwlrq1
7 Uhqhjrwldwlrq
Li wkh frxqwulhv zhuh deoh wr uhqhjrwldwh vxffhvvixoo| zkhqhyhu wkh frqvwlwxwlrq suhvfulehv d frxuvh
ri dfwlrq |lhoglqj dq h{ srvw djjuhjdwh orvv/ wkhq wkh rqo| ihdvleoh frqvwlwxwlrqv zrxog eh wkh rqhv
suhvfulelqj h{ srvw h!flhqf|1 Lq d vhqvh/ wkh frqvwlwxwlrq zrxog eh luuhohydqw1 Qr h{ dqwh djuhhphqw
zrxog eh qhhghg/ vlqfh h{ srvw h!flhqw djuhhphqwv zrxog eh uhdfkhg dq|zd|1 Li wkh frqvwlwxwlrq
pdwwhuv/ lw pxvw eh wkh fdvh wkdw wkhuh duh vlwxdwlrqv lq zklfk uhqhjrwldwlrq fdqqrw prgli| zkdw lv
ghqhg lq wkh frqvwlwxwlrq/ dowkrxjk lw zrxog eh h{ srvw rswlpdo wr gr vr1 Lq wklv vhfwlrq/ zh vkrz
wkdw zkhq  A 3 +frvwo| wudqvihuv, wklv lv lqghhg wkh fdvh lq rxu prgho dqg wkhq ghulyh wkh rswlpdo
uhqhjrwldwlrq surri frqvwlwxwlrq1
Lq rxu frqwh{w/ uhqhjrwldwlrq phdqv wkdw wkh frxqwulhv xqdqlprxvo| djuhh wr d fkdqjh ri wkh
frqvwlwxwlrq/ prgli|lqj wkh wudqvihuv dqg wkh ghflvlrq wr glvvroyh ru pdlqwdlq wkh ihghudwlrq1 Zh
ehjlq rxu dqdo|vlv e| fkhfnlqj zkhwkhu wkh frqwudfw ghulyhg lq wkh fdvh ri qr uhqhjrwldwlrq fdq
vxuylyh1 Wkh uvw revhuydwlrq lv wkdw wkh ghflvlrq wr glvvroyh wkh ihghudwlrq lv dozd|v uhqhjrwldwlrq
surri1 Iurp sursrvlwlrq 4/ g +, @ 3 zkhqhyhu 6plq if> j .
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? 31 Wklv lpsolhv
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? 3/ vr wkdw vhsdudwlrq lv h{ srvw rswlpdo1
Wkh uhqhjrwldwlrq frqvwudlqw pd| ehfrph elqglqj rqo| zkhq wkh qr0uhqhjrwldwlrq frqwudfw suh0
vfulehv wkdw wkh ihghudwlrq vkrxog eh pdlqwdlqhg1 Zkhq wkh vwdwh ri wkh zruog lv

> > 

wkhq wkh
rswlpdo frqwudfw suhvfulehv qr wudqvihuv dqg pdlqwdlqlqj wkh ihghudwlrq1 Wklv lv reylrxvo| uhqhjrwld0
wlrq surri1 Rq wkh rwkhu kdqg/ li wkh vwdwh ri wkh zruog lv +> > , wkhq wkh rswlpdo frqwudfw suhvfulehv
qr wudqvihuv dqg pdlqwdlqlqj wkh ihghudwlrq li dqg rqo| li 6 . 6  3 dqg   f +ru/ pruh frp0
sdfwo|/   plq if> j,1 Wklv lv fohduo| qrw uhqhjrwldwlrq0surri/ dv wkh phpehu frxqwulhv fdq djuhh
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wr prgli| wkh frqvwlwxwlrq dqg doorz iru shdfhixo vhsdudwlrq1 Lq idfw/ lw lv fohdu wkdw wkhuh lv qr zd| lq
zklfk wkh frxqwulhv fdq fuhgleo| frpplw wr pdlqwdlq wkh ihghudwlrq lq wkh vwdwh ri wkh zruog +> > ,
zkhq uhqhjrwldwlrq lv srvvleoh1 Qrwlfh wkdw lq cv|pphwulf* vwdwhv ri wkh zruog/ wkh ghdgzhljkw frvw ri
wudqvihu  sod|v qr uroh/ vlqfh qr wudqvihu lv srvvleoh1 Lq cdv|pphwulf* vwdwhv wklv lv qr orqjhu wuxh1 Zh
vwduw hvwdeolvklqj wkh iroorzlqj uhvxow1
Ohppd 4 Wkh rswlpdo vrfldo frqwudfw lv uhqhjrwldwlrq0surri dw vwdwh  zkhq wkh ihghudwlrq lv glvvroyhg1
Li wkh ihghudwlrq lv pdlqwdlqhg dw  wkhq wkh rswlpdo frqwudfw lv uhqhjrwldwlrq surri li=
+6 m,  . m  mW  

+6 m,   mW +4 . ,

+8,
zkhuh W lv wkh wudqvihu vfkhph ghvfulehg lq sursrvlwlrq +4, dqg m lv wkh qxpehu ri frxqwulhv ri w|sh
 dw vwdwh ri wkh zruog 1
Lq rughu wr lqwhusuhw wkh ohppd/ revhuyh wkdw wkh h{suhvvlrq rq wkh ohiw kdqg vlgh ri wkh lqhtxdolw| lv
vlpso| wkh h{ srvw vrfldo xwlolw| ri pdlqwdlqlqj wkh ihghudwlrq/ jlyhq e| wkh vxp ri wkh gluhfw xwlolwlhv
plqxv wkh ghdgzhljkw orvv ri wkh wudqvihuv qhfhvvdu| wr nhhs wkh ihghudwlrq wrjhwkhu1 Rq wkh uljkw
kdqg vlgh/ zh kdyh wkh ghdgzhljkw orvv ri wkh wudqvihuv zklfk kdyh wr eh sdlg lq rughu wr glvvroyh wkh
ihghudwlrq:1 Wklv lv wkh h{ srvw vrfldo xwlolw| ri glvvroylqj wkh ihghudwlrq1 Wkxv/ wkh ohppd hvwdeolvkhv
wkdw wkh ruljlqdo vrfldo frqwudfw lv uhqhjrwldwlrq surri li wkh qhw vrfldo xwlolw| ri pdlqwdlqlqj wkh
ihghudwlrq lv odujhu wkdq wkh qhw vrfldo xwlolw| ri glvvroylqj lw1
Qrwlfh wkdw/ lq suhvhqfh ri d frq lfw ehwzhhq h{ dqwh dqg h{ srvw rswlpdolw|/ wkh ruljlqdo vrfldo
frqwudfw fdq eh uhqhjrwldwlrq surri rqo| li  A 3> li  zhuh htxdo wr }hur wkhq +8, zrxog fhuwdlqo| eh
ylrodwhg zkhqhyhu
S


? 3= Wklv surylghv wkh lqwxlwlrq iru wkh ohppd> e| qrw doorzlqj wkh ihghudwlrq
wr glvvroyh lq vrph fdvhv/ wkh vrfldo frqwudfw fuhdwhv d yhvwhg lqwhuhvw lq frxqwulhv ri w|sh  wr pdlqwdlq
:Uhfdoo wkdw wudqvihuv kdyh wr eh hqrxjk wr frpshqvdwh wkh E3  w|sh w frxqwulhv/ hdfk uhfhlylqj d xwlolw| w 3

3
W E n b li wkh ihghudwlrq lv pdlqwdlqhg1
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wkh ihghudwlrq1 Li wudqvihuv lqyroyh d ghdgzhljkw orvv/ frxqwulhv ri w|sh pd| qrw kdyh hqrxjk uhvrxufhv
wr frpshqvdwh frxqwulhv ri w|sh  iru glvvroylqj wkh ihghudwlrq1
Vxssrvh qrz wkdw frqglwlrq +8, lv qrw vdwlvhg dw vrph  dw zklfk lw zrxog eh ghvludeoh wr pdlqwdlq
wkh ihghudwlrq1 Lv wkhuh dq|wklqj wkdw fdq eh grqh h{ dqwh lq rughu wr dyrlg uhqhjrwldwlrq h{ srvwB
Lq sduwlfxodu/ lv lw srvvleoh wr uh0ghvljq wkh frqwudfw dqg vshfli| wudqvihuv vr dv wr pdnh uhqhjrwldwlrq
lpsrvvleoh dqg pdlqwdlq wkh ihghudwlrqB
Wr xqghuvwdqg wkh txhvwlrq/ uhphpehu wkdw lq rughu wr djuhh wr glvvroyh shdfhixoo| d ihghudwlrq/
wkh frxqwulhv hqmr|lqj d srvlwlyh xwlolw| iurp wkh ihghudwlrq kdyh wr eh frpshqvdwhg zlwk wudqvihuv
jlylqj wkhp dw ohdvw htxlydohqw xwlolw|1 E| vhwwlqj glhuhqw wudqvihuv h{ dqwh/ wkh vrfldo frqwudfw fdq
prgli| wkh vwdwxv txr xwlolw| ohyhov1 Lq wxuq/ e| prgli|lqj wkh vwdwxv txr/ wkh vrfldo frqwudfw fdq dovr
prgli| wkh ghdgzhljkw frvwv lqfxuuhg wr frpshqvdwh wkh frxqwulhv ehqhwlqj iurp wkh ihghudwlrq1 Lq
sulqflsoh/ lw pljkw wkhuhiruh eh srvvleoh wkdw e| vhwwlqj wudqvihuv glhuhqw iurp wkh rswlpdo rqhv wkh
frqvwlwxhqw zrxog pdnh lw lpsrvvleoh wr uhqhjrwldwh wkh vrfldo frqwudfw1 Wklv/ krzhyhu/ wxuqv rxw qrw
wr eh wkh fdvh1
Sursrvlwlrq 5 Qr vrfldo frqwudfw fdq suhyhqw uhqhjrwldwlrq dqg glvvroxwlrq ri wkh ihghudwlrq dw d vwdwh
ri wkh zruog  dw zklfk frqglwlrq +8, lv qrw vdwlvhg1 Wkh rswlpdo vrfldo frqwudfw zlwk uhqhjrwldwlrq
doorzv iru glvvroxwlrq ri wkh ihghudwlrq lq doo wkh vwdwhv lq zklfk hlwkhu wkh rswlpdo vrfldo frqwudfw
zlwkrxw uhqhjrwldwlrq suhvfulehv glvvroxwlrq ru frqglwlrq +8, lv qrw vdwlvhg1
Wkh sursrvlwlrq lpsolhv wkdw lw lv lpsrvvleoh wr prgli| wkh vwuxfwxuh ri wkh wudqvihuv vr dv wr lqfuhdvh wkh
vwdelolw| ri wkh ihghudwlrq zkhq frqglwlrq +8, lv ylrodwhg1 Wkh lqwxlwlrq lv vlpsoh1 Wkh rswlpdo vrfldo
frqwudfw xqghu qr uhqhjrwldwlrq plqlpl}hv wkh dprxqw ri wudqvihuv jlyhq wkh h{ srvw sduwlflsdwlrq
frqvwudlqwv1 Dq| +ihdvleoh, prglfdwlrq ri wkh wudqvihuv wkhuhiruh lqfuhdvhv wkhlu djjuhjdwh ohyho1
Vlqfh wudqvihuv duh vrfldoo| frvwo|/ wklv lpsolhv uhgxflqj wkh vrfldo xwlolw| ri pdlqwdlqlqj wkh ihghudwlrq1
Krzhyhu/ lw dovr lpsolhv lqfuhdvlqj wkh frvw ri glvvroylqj wkh ihghudwlrq/ dv glhuhqw dqg kljkhu wudqvihuv
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fkdqjh wkh vwdwxv txr1 Wkh uvw hhfw pdnh lw pruh gl!fxow wr nhhs wkh ihghudwlrq jrlqj rq> wkh vhfrqg/
pdnhv lw pruh gl!fxow wr glvvroyh lw1 Exw wkh uvw hhfw dozd|v grplqdwhv wkh vhfrqg/ vr wkdw lw lv
qhyhu srvvleoh wr pdnh wkh ihghudwlrq pruh vwdeoh e| prylqj dzd| iurp wkh rswlpdo wudqvihuv1
Wkh lpsolfdwlrq lv wkdw wkh rswlpdo vrfldo frqwudfw zkhq uhqhjrwldwlrq lv srvvleoh forvho| uhvhpeohv
wkh rswlpdo vrfldo frqwudfw zkhq uhqhjrwldwlrq lv qrw doorzhg1 Uhqhjrwldwlrq uhgxfhv wkh vhw ri vwdwhv
lq zklfk wkh ihghudwlrq fdq eh pdlqwdlqhg1 Zkhqhyhu pdlqwdlqlqj wkh ihghudwlrq lv lpsrvvleoh ru qrw
ghvludeoh/ wkh rswlpdo vrfldo frqwudfw suhvfulehv glvvroxwlrq;1 Zkloh uhqhjrwldwlrq grhv uhgxfh wkh vhw
ri ihdvleoh rxwfrphv/ lpso|lqj d uhgxfwlrq lq h{shfwhg vrfldo zhoiduh/ wkh suhvhqfh ri uhqhjrwldwlrq
grhv qrw lqgxfh d glvwruwlrq lq wkh wudqvihuv zkhqhyhu wkh ihghudwlrq lv pdlqwdlqhg1
8 Dv|pphwulf Lqirupdwlrq
Vxssrvh qrz wkdw wkhuh lv dv|pphwulf lqirupdwlrq derxw wkh uhdol}dwlrq ri wkh vwdwh ri wkh zruog 1
Dv xvxdo/ wkh vwrfkdvwlf vwuxfwxuh ri wkh prgho lv frpprq nqrzohgjh exw rqo| frxqwu| l revhuyhv wkh
dfwxdo uhdol}dwlrq ri  dw wkh ehjlqqlqj ri shulrg 41 Krz grhv wkh rswlpdo vrfldo frqwudfw fkdqjhB
Dv dqwlflsdwhg lq wkh lqwurgxfwlrq/ wklv vhfwlrq lv prwlydwhg e| wkh uhfhqw irfxv lq wkh vfdo ihghu0
dolvp olwhudwxuh rq sureohpv ri dv|pphwulf lqirupdwlrq lq ihghudwlrqv/ ehwzhhq wkh ihghudo jryhuqphqw
dqg wkh orfdo jryhuqphqwv1 Iru lqvwdqfh/ dv|pphwulf lqirupdwlrq sureohpv duh suredeo| dw wkh urrw
ri wkh vhulrxv exgjhw sureohpv lq ihghudo frxqwulhv vxfk dv Fklqd dqg wkh iruphu uhsxeolfv ri XVVU/
zkhuh prvw wd{ uhyhqxh lv froohfwhg dqg dgplqlvwhuhg orfdoo| +Odrqw/ 4<<8,1 Vkrxog wkh Hxurshdq
Frpplvvlrq exgjhw lqfuhdvh lq vl}h/ dv|pphwulf lqirupdwlrq sureohpv pljkw ehfrph d vhulrxv sure0
;Iurp wkh srlqw ri ylhz ri wkh lpsohphqwdwlrq ri wkh frqwudfw/ glvvroxwlrq kdv wr eh h{solflwo| suhvfulehg zkhq w D 3S
Lq wklv fdvh/ li wkh vrfldo frqwudfw zhuh qrw wr suhvfuleh h{solflwo| wkh glvvroxwlrq ri wkh ihghudwlrq/ frxqwulhv ri w|sh w
zrxog kdyh wr euleh frxqwulhv ri w|sh w1 Glvvroxwlrq zrxog rffxu dq|zd|/ exw +vrfldoo| frvwo|, srvlwlyh wudqvihuv zrxog
kdyh wr eh sdlg1 Lq wkh fdvh w 	 3S lw lv qrw qhfhvvdu| wr lqfoxgh h{solflwo| d vhfhvvlrq fodxvh/ vlqfh frxqwulhv ri w|sh w
zloo dffhsw wr uhqhjrwldwh dqg glvvroyh wkh ihghudwlrq1
4:
ohp lq wkh Hxurshdq Xqlrq dv zhoo/ dv wkh phpehu frxqwulhv duh vwloo lq fkdujh ri froohfwlqj wkhlu rzq
uhyhqxh dqg wkh| duh dovr wkh pdlq vrxufh ri qdwlrqdo vwdwlvwlfv +Erugljqrq hw do1/ 4<<9> Fruqhv dqg
Gd Vloyd/ 4<<<,1
Lq rxu frqwh{w/ dv|pphwulf lqirupdwlrq pd| ehfrph dq lvvxh rqo| li wkh frxqwulhv/ e| o|lqj derxw
wkhlu wuxh / pd| dhfw wkh lpsohphqwdwlrq ri wkh frqvwlwxwlrqdo uxohv wr wkhlu dgydqwdjh1 Wr vwxg|
wklv lvvxh/ zh vhw xs wkh sureohp dv iroorzv1 Wkh vrfldo frqwudfw dw wlph 3 hvwdeolvkhv wd{ dqg wudqvihu
vfkhphv/ dv zhoo dv wkh vhfhvvlrq uxoh/ dv d ixqfwlrq ri wkh ghfoduhg vwdwh ri wkh zruog e| doo frxqwulhv1
Wkdw lv/ wkh vrfldo frqwudfw fkrrvhv ixqfwlrqv g
h/   h > W  h/ zkhuh h @ h>h2>h lv wkh
dqqrxqfhg vwdwh ri wkh zruog1 Dw wkh ehjlqqlqj ri shulrg 4 phpehu frxqwulhv ohduq wkhlu w|sh dqg
dqqrxqfh lw vlpxowdqhrxvo|1 Jlyhq wkh dqqrxqfhphqw h/ wkh vrfldo ghflvlrq g h >   h > W  h lv
lpsohphqwhg1 Hdfk frxqwu| l kdv vwloo wkh rswlrq wr uhixvh wkh ghflvlrq/ pdnlqj hyhu|erg| sd| wkh
frvw f1 Li doo frxqwulhv dffhsw/ wkhq wkh vrfldo ghflvlrq lv lpsohphqwhg1
Wkh h{ srvw sduwlflsdwlrq frqvwudlqwv ri doo frxqwulhv pxvw wkhuhiruh djdlq eh vdwlvhg zkhqhyhu
wkh vrfldo ghflvlrq lv lpsohphqwhg lq shulrg 41 Wkhuh lv krzhyhu dq lpsruwdqw glhuhqfh zlwk uhvshfw
wr wkh frpsohwh lqirupdwlrq fdvh1 Dv zh vdz deryh/ xqghu frpsohwh lqirupdwlrq lw lv qhyhu rswlpdo wr
suhvfuleh d ghflvlrq vxfk wkdw wkh h{ srvw lqglylgxdo udwlrqdolw| frqvwudlqwv duh ylrodwhg1 Wklv zrxog
rqo| ohdg wr hdfk frxqwu| sd|lqj d frvw f/ dqg lw lv reylrxvo| ehwwhu wr vhw g +, @   +, @ W  +, @ 3
dqg dyrlg sd|lqj wkdw frvw1 Xqghu lqfrpsohwh lqirupdwlrq wklqjv pd| eh glhuhqw1 Lq sulqflsoh/ lw
pd| qrz ehfrph frqyhqlhqw wr wuljjhu dq clqghshqghqfh zdu* xqghu vrph flufxpvwdqfhv li wklv khosv
wr nhhs lqfhqwlyhv doljqhg1 E| wkh vdph wrnhq/ lw pljkw dovr ehfrph frqyhqlhqw wr ohw wkh ihghudwlrq
shdfhixoo| glvvroyh dw d frvw/ e| lpsrvlqj d prqhwdu| frpshqvdwlrq iru wkh ohdylqj frxqwulhv1
Ohw " +, eh wkh ghflvlrq e| frxqwu| l wr wuljjhu wkh lqghshqghqfh zdu dw vwdwh ri wkh zruog / zlwk
" +, @ 4 ghqrwlqj dffhswdqfh ri wkh vrfldo ghflvlrq dqg " +, @ 3 ghqrwlqj wkh ghflvlrq wr jkw1 Ohw
" +, @ " +,"2 +," +,/ vr wkdw " +, @ 4 li wkh zdu lv qrw wuljjhuhg dqg " +, @ 3 rwkhuzlvh1
Ihdvleoh vrfldo uxohv kdyh wr wdnh lqwr dffrxqw wkh lqfhqwlyh frpsdwlelolw| frqvwudlqwv iru wkh wzr
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dv wkh xwlolw| ri d frxqwu| ri w|sh  dqqrxqflqj wkh wuxwk/ zkhq rwkhu frxqwulhv dqqrxqfh 31
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dv wkh xwlolw| ri d frxqwu| ri w|sh  dqqrxqflqj 1 Wkh uvw whup lq wkh cpd{* rshudwru lv wkh xwlolw|
ri wkh frxqwu| li lw dffhswv wkh ghflvlrq +qrwlfh wkdw "3
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ghqrwhv wkh ghflvlrq wr vwd| ru qrw lq
wkh ihghudwlrq e| frxqwulhv rwkhu wkdq l zkhq l ghfoduhv ,/ zkloh wkh vhfrqg whup ghqrwhv wkh xwlolw|
li l uhmhfwv wkh vrfldo ghflvlrq1 Wkh whup X
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Wkh h{ dqwh pd{lpl}dwlrq sureohp ehfrphv=
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Frqvwudlqw EF lv wkh exgjhw frqvwudlqw zklfk kdv wr eh vdwlvhg iru hyhu| 1 HSLU lv wkh h{ srvw
lqglylgxdo udwlrqdolw| frqvwudlqw1 Lw uhtxluhv wkdw d frxqwu| vkrxog vwduw d zdu zkhqhyhu wkh xwlolw|
hqmr|hg e| dffhswlqj wkh vrfldo ghflvlrq lv ohvv wkdq f1 LF dqg LF duh wkh lqfhqwlyh frpsdwlelolw|
frqvwudlqwv iru wkh kljk dqg orz w|sh/ uhvshfwlyho|<1
Fohduo|/ wkh rqo| glhuhqfh zlwk wkh rswlpl}dwlrq sureohp frqvlghuhg lq wkh suhylrxv vhfwlrq lv
jlyhq e| wkh wzr LF frqvwudlqwv1 Krz grhv wkhlu suhvhqfh dhfw wkh vroxwlrqB Rqh reylrxv revhuydwlrq
lv wkdw zkhqhyhu wkh vroxwlrq ghvfulehg lq sursrvlwlrq 4 vdwlvhv wkh LF frqvwudlqwv wkhq wklv zloo eh
wkh vroxwlrq iru wkh fdvh ri dv|pphwulf lqirupdwlrq wrr1 Khqfh/ wr yhuli| li dv|pphwulf lqirupdwlrq
pdwwhuv/ zh kdyh uvw wr fkhfn li dw wkh frpsohwh lqirupdwlrq vroxwlrq wkh LF frqvwudlqwv duh elqglqj>
li wkh| duh qrw wkhq wkh vroxwlrq lv xqdhfwhg e| dv|pphwulf lqirupdwlrq1 Wklv ohdgv wr wkh iroorzlqj
sursrvlwlrq1
Sursrvlwlrq 6 Vxssrvh wkdw wkh rswlpdo vrfldo frqwudfw xqghu frpsohwh lqirupdwlrq uhtxluhv }hur
wudqvihuv lq hyhu| vwdwh ri wkh zruog1 Wkhq wkh frqwudfw uhpdlqv rswlpdo xqghu dv|pphwulf lqirupdwlrq1
Wkh surri lv lpphgldwh dqg lw lv rplwwhg1 Lqwxlwlyho|/ li qr wudqvihu lv sdlg wkhq wkh dqqrxqfhphqw
kdv wkh rqo| hhfw ri ghwhuplqlqj zkhwkhu wkh ihghudwlrq vkrxog eh pdlqwdlqhg ru qrw1 Vlqfh dq
dqqrxqfhphqw ri  lqfuhdvhv wkh suredelolw| wkdw wkh ihghudwlrq lv glvvroyhg/ lw lv fohdu wkdw w|shv
 zloo whoo wkh wuxwk1 D vlplodu uhdvrqlqj krogv iru w|shv = Wkxv/ zlwk qr wudqvihuv wkh ruljlqdo
frqwudfw lv lqfhqwlyh frpsdwleoh dqg dv|pphwulf lqirupdwlrq kdv qr elwh1 Dq lpphgldwh fruroodu| ri
wkh sursrvlwlrq lv wkh iroorzlqj1
Fruroodu| 4 Li   f wkhq wkh rswlpdo vrfldo frqwudfw xqghu dv|pphwulf lqirupdwlrq lv wkh vdph
dv xqghu frpsohwh lqirupdwlrq1 Wkh vdph rffxuv zkhq wkh rswlpdo vrfldo frqwudfw xqghu frpsohwh
<Qrwh wkdw jlyhq wkh dvvxpswlrq ri v|pphwulf frqvwlwxwlrqv dqg h{ dqwh lghqwlfdo frxqwulhv zlwk lqghshqghqw vkrfnv/
wkh lqfhqwlyh frpsdwlelolw| frqvwudlqwv duh jlyhq e| mxvw wzr lqhtxdolwlhv/ rqh iru w|sh w dqg rqh iru w|sh w1
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lqirupdwlrq suhvfulehv wkdw wkh ihghudwlrq lv pdlqwdlqhg rqo| li  @

> > 

1
Sursrvlwlrq +6, wkxv lpsolhv wkdw dv|pphwulf lqirupdwlrq fdq eh sureohpdwlf rqo| li srvlwlyh wudqvihuv
duh lqyroyhg/ wkdw lv/ lq wkh fdvh  ? f= Lq zkdw iroorzv zh irfxv rq wkh fdvh lq zklfk wkh rswlpdo
cfrpsohwh lqirupdwlrq* vrfldo frqwudfw lv qrw lqfhqwlyh frpsdwleoh1 Lq wkh rwkhu fdvh/ lw lv reylrxv wkdw
wkh cfrpsohwh lqirupdwlrq* vrfldo frqwudfw lv vwloo rswlpdo xqghu lqfrpsohwh lqirupdwlrq1
Zh ehjlq e| hvwdeolvklqj wkh iroorzlqj sursrvlwlrq1
Sursrvlwlrq 7 Vxssrvh  ? f dqg wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw iru w|sh  lv qrw vdwlvhg
dw wkh rswlpdo frpsohwh lqirupdwlrq vrfldo frqwudfw1 Wkhq zkhqhyhu wkh ihghudwlrq lv pdlqwdlqhg/ wkh
rswlpdo frqwudfw xqghu dv|pphwulf lqirupdwlrq kdv wkh vdph wudqvihuv dqg wd{hv dv lq wkh frpsohwh
lqirupdwlrq fdvh1
Wkh irupdo surri ri wkh sursrvlwlrq lv lqyroyhg +vhh wkh dsshqgl{,/ exw wkh lqwxlwlrq lv idluo|
vwudljkwiruzdug1 Xqghu dv|pphwulf lqirupdwlrq/ lw wxuqv rxw wkdw wkh rqo| lqfhqwlyh frpsdwleoh frq0
vwudlqw zklfk pdwwhuv lv wkh rqh uhodwlyh wr w|sh > w|sh  zrxog qhyhu kdyh dq lqfhqwlyh wr olh/
suhwhqglqj wr eh ri w|sh  lqvwhdg/ ehfdxvh wklv ohdgv wr sd|lqj wd{hv udwkhu wkdq uhfhlylqj vxevlglhv
lq vrph vwdwhv ri wkh zruog/ ru wr pdlqwdlqlqj wkh ihghudwlrq pruh iuhtxhqwo|1 Vr vxssrvh wkdw wkh
lqfhqwlyh frpsdwlelolw| frqvwudlqw iru w|sh  lv qrw vdwlvhg dw wkh rswlpdo frpsohwh lqirupdwlrq vrfldo
frqwudfw1 Frqvlghu d vwdwh ri wkh zruog dw zklfk lw lv h{ dqwh rswlpdo wr pdlqwdlq wkh ihghudwlrq1
Lv wkhuh dq| glvwruwlrq ri wkh wudqvihuv zklfk zrxog pdnh wkh vrfldo frqwudfw lqfhqwlyh frpsdwleoh lq
wklv fdvhB Wkh dqvzhu lv qr1 Uhgxflqj wkh wudqvihuv wr w|sh  ehorz W lv xqihdvleoh/ ehfdxvh wkh|
duh douhdg| dw wkh orzhvw srvvleoh ohyho1 Udlvlqj wkhp lv qrw lqfhqwlyh lqfrpsdwleoh/ dv lw lqfuhdvhv
wkh ehqhw ri o|lqj iru w|sh 1 Lqwurgxflqj srvlwlyh wudqvihuv iru w|sh  lv hlwkhu xqihdvleoh ru zrxog
ylrodwh v|pphwu|1
Jlyhq wkdw lv hlwkhu xqihdvleoh ru vxe0rswlpdo wr prgli| wkh wudqvihuv zkhq wkh ihghudwlrq lv
pdlqwdlqhg/ wkh rqo| srvvlelolw| zklfk lv ohiw wr wkh frqvwlwxhqw lv wr fkdqjh hlwkhu wkh wudqvihuv ru
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wkh vhfhvvlrq uxohv zkhq wkh ihghudwlrq euhdnv grzq1 Dvvxph wkdw wkh frxqwulhv kdyh ixoo frpplwphqw
srzhu vr wkdw uhqhjrwldwlrq h{ srvw lv qrw srvvleoh1 E| wklv zh phdq wkdw zkhqhyhu wkh vrfldo frqwudfw
suhvfulehv g +, @ 4 wkh rqo| zd| wr euhdn wkh ihghudwlrq lv e| xqlodwhudo vhfhvvlrq/ vr wkdw hyhu|
frxqwu| uhfhlyhv d xwlolw| htxdo wr f1 Wkhq wkhuh duh wkuhh edvlf glhuhqw vwudwhjlhv zklfk fdq eh
xvhg wr pdnh wkh vrfldo frqwudfw lqfhqwlyh frpsdwleoh1 Iluvw/ lw frxog vlpso| vhw wkh wudqvihuv htxdo
wr }hur lq dq| +ghfoduhg, vwdwh ri wkh zruog1 Lq wklv fdvh wkh ihghudwlrq lv pdlqwdlqhg rqo| zkhq wkh
vwdwh ri zruog

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@ 4 dqg g+, @ 3 iru doo wkh
rwkhu v/ vr dyrlglqj wkh lqghshqghqfh zdu frvwv1 Wklv vroxwlrq lv qrw yhu| vdwlvidfwru| li  lv odujh/
dqg lqghhg zlwk wklv vroxwlrq lw pd| eh lpsrvvleoh wr vxssruw wkh ihghudwlrq hyhq lq fdvhv lq zklfk lw
zrxog eh h{ srvw/ dqg qrw rqo| h{ dqwh/ h!flhqw wr gr vr1
Vhfrqg/ xqghu wkh dvvxpswlrq ri ixoo frpplwphqw/ wkh frqvwlwxhqw pljkw dwwhpsw wr sxqlvk w|sh
 iru o|lqj1 Lw frxog gr lw vr e| lpsrvlqj g+, @ 4 hyhq iru vrph vwdwhv ri wkh zruog  dw zklfk lw
lv h{ dqwh lqh!flhqw wr pdlqwdlq wkh ihghudwlrq1 Lq idfw/ dv wkh ihghudwlrq lv pruh olnho| wr glvvroyh
zkhq w|sh  olhv/ wklv dfwlrq zrxog lqfuhdvh wkh frvw ri o|lqj iru wklv w|sh/ e| pdnlqj lw sd|lqj d frvw
f udwkhu wkdq 3 vkrxog wkhvh vwdwhv rffxu1 Wklv vroxwlrq pd| holplqdwh wkh lqfhqwlyh frpsdwlelolw|
sureohp/ dw wkh frvw ri kdylqj wkh frxqwulhv sd|lqj wkh lqghshqghqfh zdu frvwv lq vrph vwdwhv ri wkh
zruog1
Ilqdoo|/ wkh vrfldo frqwudfw pd| dwwhpsw wr uhzdug w|sh  iru whoolqj wkh wuxwk/ e| lpsrvlqj wr
frxqwulhv ri w|sh  wr sd| d wudqvihu wr frxqwulhv ri w|sh  zkhqhyhu wkh ihghudwlrq lv glvvroyhg1 Wkdw
lv/ wkh frqvwlwxhqw pd| judqw d frqglwlrqdo uljkw wr vhfhgh wr wkh frxqwulhv/ doorzlqj wkhp wr vhfhgh
rqo| li d frpshqvdwlrq lv sdlg wr wkh rwkhu frxqwulhv1 Ri frxuvh/ wklv frpshqvdwlrq pxvw eh orzhu wkdq
f +rwkhuzlvh/ w|sh  frxqwulhv zrxog suhihu wr vhfhgh xqlodwhudoo|, dqg pxvw dovr qrw eh vr odujh wr
ylrodwh wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw iru w|sh 1 Djdlq/ wklv vwudwhj| pljkw vroyh wkh lqfhqwlyh
frpsdwlelolw| sureohp/ dw wkh frvw ri kdylqj zhoiduh uhgxflqj wudqvihuv wr eh sdlg lq vlwxdwlrqv lq
zklfk wkh ihghudwlrq euhdnv grzq1
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Dv wkhvh glhuhqw vwudwhjlhv kdyh glhuhqw frvwv dqg ehqhwv ghshqglqj rq wkh ydoxhv ri wkh sd0
udphwhuv > > f dqg / lqwxlwlrq zrxog vxjjhvw wkdw hdfk ri wkhvh glhuhqw vwudwhjlhv pd| eh rswlpdo1
Zh zloo odwhu glvfxvv vrph h{dpsohv1
Rqh pd| dvn li lq sulqflsoh wkh ihghudwlrq frxog eh pdlqwdlqhg lq d odujhu vhw ri fdvhv dv d uhvxow ri
dv|pphwulf lqirupdwlrq1 Wkh txhvwlrq lv qrw wulyldo +dv lw zrxog kdyh ehhq li zh kdg dvvxphg rqo| wzr
frxqwulhv> vhh irrwqrwh 5, ehfdxvh/ lq sulqflsoh/ rqh ri wkh vwudwhjlhv wr vroyh wkh lqfhqwlyh frpsdwlelolw|
sureohp lv wr pdnh lw pruh gl!fxow iru wkh frxqwulhv wr ohdyh wkh ihghudwlrq1 Dv wudqvihuv duh lqfhqwlyh
frpsdwleoh li wklv vwudwhj| lv vxffhvvixo/ wklv phdqv wkdw lq vrph ri wkh pl{hg fdvhv zkhuh wkh
frpsohwh lqirupdwlrq frqwudfw zrxog kdyh kdg wkh ihghudwlrq glvvroyhg/ lw frxog qrz lq sulqflsoh eh
pdlqwdlqhg1 Krzhyhu/ dv wkh qh{w sursrvlwlrq suryhv/ wklv fdq qhyhu kdsshq dw wkh rswlpdo frqwudfw
xqghu dv|pphwulf lqirupdwlrq1
Sursrvlwlrq 8 Wkh vhw ri vwdwhv ri wkh zruog lq zklfk wkh ihghudwlrq lv pdlqwdlqhg zkhq wkhuh lv
lqfrpsohwh lqirupdwlrq lv lqfoxghg lq wkh vhw ri vwdwhv ri wkh zruog lq zklfk wkh ihghudwlrq lv pdlqwdlqhg
zkhq wkhuh lv frpsohwh lqirupdwlrq1
Lqwxlwlyho|/ lq rughu wr vroyh wkh uhyhodwlrq sureohp/ wkh vwudwhj| ri pdlqwdlqlqj wkh ihghudwlrq lq vrph
ri wkh vwdwhv ri wkh zruog zkhuh lw zrxog kdyh ehhq glvvroyhg xqghu frpsohwh lqirupdwlrq lv zhoiduh
grplqdwhg e| wkh vwudwhj| ri pdnlqj lw pruh frvwo| wr glvvroyh wkh ihghudwlrq zkhq wklv glvvroxwlrq
dfwxdoo| rffxuv1 Wkxv/ wkh qxpehu ri vwdwhv ri wkh zruog zkhuh wkh ihghudwlrq lv pdlqwdlqhg lv dozd|v
htxdo ru juhdwhu xqghu frpsohwh lqirupdwlrq1
Zh qrz suhvhqw wzr h{dpsohv fkdudfwhul}lqj rswlpdo frqvwlwxwlrqv xqghu lqfrpsohwh lqirupdwlrq1
H{dpsoh 41 Vxssrvh  ? f dqg wkh lqhtxdolw|=
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lv vdwlvhg1 Wkh rswlpdo frqwudfw xqghu ixoo lqirupdwlrq uhtxluhv g

> > 

@ g

> > 

@ 4 dqg
56
g

> > 

@ g +> > , @ 3= Wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw iru w|sh  lv=
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Wkhuhiruh/ wkh rswlpdo frqwudfw xqghu frpsohwh lqirupdwlrq lv qrw lqfhqwlyh frpsdwleoh li=
5+4 s,  W+4 . +4 s,, ? 3= +9,
Vxssrvh uvw wkdw wkh frqvwlwxhqw zlvkhv qhyhuwkhohvv wr pdlqwdlq wkh ihghudwlrq lq wkh vdph vwdwhv ri
wkh zruog dv xqghu frpsohwh lqirupdwlrq1 Wr gr vr/ lw fdq hlwkhu uhzdug w|sh  iru whoolqj wkh wuxwk ru
lw pljkw sxqlvk lw iru o|lqj1 Frqvlghu wkh uvw rswlrq1 Lq vwdwh +> > , wkh ihghudwlrq glvvroyhv iru vxuh
dqg qr wudqvihu fdq eh lpsrvhg ehfdxvh ri v|pphwu| dqg exgjhw edodqfh1 Wkxv/ wkh rqo| srvvlelolw|
lv wr vhw g

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@ 3 dqg lpsrvh frxqwulhv ri w|sh  wr sd| d frpshqvdwlqj wudqvihu u wr frxqwulhv
ri w|sh  iru glvvroylqj wkh ihghudwlrq lq wklv fdvh1 Ohw xv fdoo wklv wkh cfrqglwlrqdo vhfhvvlrq* srolf|1
Wkh srolf| lv ihdvleoh li wkh lqfhqwlyh frpsdwlelolw| frqvwudlqwv ri wkh kljk dqg orz w|shv duh vdwlvhg/
wkdw lv=
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Wkxv/ srolf| 4 lv ihdvleoh43 li wkhuh lv dq u zklfk vdwlvhv lqhtxdolwlhv : dqg ;1 Wklv lv srvvleoh li=
5+4 s,+ . f, W+4 . +4 s,,  3 +<,
43Wkh lqglylgxdo udwlrqdolw| frqglwlrq ri wkh orz w|sh kdv dovr wr eh vdwlvhg1 Krzhyhu/ wklv frqglwlrq lv jlyhq e|
3
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D 3S/ dqg lw lv vdwlvhg zkhqhyhu ; lv vdwlvhg1
57
zklfk fdq lq sulqflsoh eh vdwlvhg hyhq li +9, lv qrw1
Dqrwkhu srvvlelolw| lv wr sxqlvk w|sh  iru o|lqj/ e| lpsrvlqj wkdw lq wkh fdvhv lq zklfk wkh
ihghudwlrq euhdnv grzq d vhfhvvlrq zdu lv vwduwhg1 Wklv fdq eh rewdlqhg e| vhwwlqj hlwkhu g

> > 

@ 4
ru g +> > , @ 3 +ru erwk,1 Ixuwkhupruh/ wkhuh pd| lq sulqflsoh eh d pl{hg srolf| zkhuh d frqglwlrqdo
uljkw wr vhfhgh lv judqwhg lq vwdwh ri wkh zruog

> > 

dqg qr vhfhvvlrq uxoh dw doo lq +> > ,1 Hdfk
ri wkhvh srolflhv frxog/ xqghu vrph frqglwlrqv/ vroyh wkh lqfhqwlyh frpsdwleoh sureohp1 Lw wxuqv rxw
krzhyhu wkdw doo wkhvh srolflhv duh zhoiduh grplqdwhg e| wkh cfrqglwlrqdo vhfhvvlrq* srolf|441 Wkh
lqwxlwlrq lv vlpsoh1 E| frqvwuxfwlrq/ wkh cfrqglwlrqdo vhfhvvlrq* srolf| dozd|v jlyhv pruh xwlolw| wr
erwk w|shv wkdq dq| ri wkh dowhuqdwlyh srolflhv/ ehfdxvh lw dyrlgv wkh zdvwh ri d vhfhvvlrq zdu1 Wkxv/
wkh frqvwlwxhqw frxog zlvk wr xvh dq dowhuqdwlyh srolf| rqo| li xqghu wklv dowhuqdwlyh srolf| lw zhuh
hdvlhu wr vxssruw wkh ihghudwlrq1 Exw wklv wxuqv rxw qhyhu wr eh wkh fdvh> lw fdq eh vkrzq wkdw xqghu
dq| ri wkh dowhuqdwlyh srolflhv ghvfulehg deryh wkh frqglwlrqv wr vxssruw wkh ihghudwlrq lq vwdwhv ri wkh
zruog

> > 

dqg

> > 

duh dozd|v dw ohdvw dv uhvwulfwlyh dv lq lqhtxdolw| +<,1
Wkxv/ li lw zlvkhv wr vxssruw wkh ihghudwlrq lq wkh vwdwhv ri wkh zruog

> > 

dqg

> > 

/ wkh
frqvwlwxhqw fdqqrw gr ehwwhu wkdq surylglqj d frqglwlrqdo uljkw wr vhfhgh wr frxqwulhv ri w|sh  lq
vwdwh ri wkh zruog

> > 

1 Krzhyhu/ wkh srolf| frphv dw d frvw/ dv qrz wkh dgglwlrqdo wudqvihu u kdv
wr eh sdlg1
Dowhuqdwlyho|/ wkh frqvwlwxhqw frxog jlyh xs pdlqwdlqlqj wkh ihghudwlrq lq vwdwh ri wkh zruog

> > 

/ vhwwlqj doo wudqvihuv htxdo wr }hur1 Lq wkdw fdvh/ dv wkh ihghudwlrq zloo fhuwdlqo| euhdn xs lq doo
uhdol}dwlrqv h{fhsw wkdq lq fdvh

> > 

/ wkh ehvw fkrlfh iru wkh frqvwlwxhqw lv wr vhw g

> > 

@ 4 dqg
g

> > 

@ g

> > 

@ g +> > , @ 3= Fdoo wklv srolf| 51 Zklfk ri wkh wzr srolflhv lv ehwwhu ghshqgv
rq wkh h{ dqwh xwlolw| ri wkh frqvwlwxhqw xqghu wkh wzr srolflhv1 Lqwxlwlyho|/ d srolf| ri frqglwlrqdo
44Wklv fdq fdq eh suryhg e| vxevwlwxwlqj iru doo wkh dowhuqdwlyh srolflhv lq wkh lqfhqwlyh frpsdwleoh frqvwudlqw ri wkh
kljk w|sh dqg e| qrwlqj wkdw qrqh ri wkhvh srolflhv dhfw wkh lqfhqwlyh frpsdwleoh frqvwudlqw ri wkh orz w|sh1 Ghulylqj
wkh ihvlelolw| frqglwlrqv dqg frpsdulqj wkhp zlwk htxdwlrq< jlyhv wkh uhvxow1
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vhfhvvlrq pd| grplqdwh jlylqj xs wkh ihghudwlrq lq doo fdvhv h{fhsw

> > 

/ surylghg wkdw wkh h{wud
xwlolw| jdlqhg e| pdlqwdlqlqj wkh ihghudwlrq lq fdvh

> > 

lv odujh hqrxjk1
H{dpsoh 51 Vxssrvh  ? f dqg 6 . 5 .   5W A 3= Lq wklv fdvh/ wkh rswlpdo srolf| xqghu
frpsohwh lqirupdwlrq lv wr pdlqwdlq wkh ihghudwlrq lq doo fdvhv h{fhsw +> > , = Wkxv/ xqghu frpsohwh
lqirupdwlrq/ wkh rswlpdo vhfhvvlrq uxohv duh g

> > 

@ g

> > 

@ g

> > 

@ 4 dqg g +> > , @ 31
Vxssrvh djdlq wkh uhohydqw lqfhqwlyh frpsdwleoh frqglwlrq iru w|sh  lv ylrodwhg dw wklv frqwudfw1 Lq
wklv fdvh/ li wkh frqvwlwxhqw zlvkhv wr pdlqwdlq wkh ihghudwlrq lq wkh vdph fdvhv dv xqghu frpsohwh
lqirupdwlrq/ lw kdv qr rwkhu fkrlfh wkdq lpsrvlqj g +> > , @ 4 dqg ohw d vhfhvvlrq zdu exuvw li wklv
fdvh rffxuv1 Dvvxplqj wkdw wklv lv hqrxjk wr pdnh wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw ri wkh kljk
w|sh vdwlvhg/ wkh frqvwlwxhqw fdq wkhq vxssruw wkh ihghudwlrq lq wkh vdph fdvhv dv xqghu frpsohwh
lqirupdwlrq/ dw wkh frvw ri ulvnlqj d vhfhvvlrq zdu1 Krzhyhu/ lw lv fohdu wkdw li  lv odujh hqrxjk lw zloo
qg lw rswlpdo wr gr vr1
Vxpplqj xs/ wkhuh duh wzr edvlf frqfoxvlrqv wr eh gudzq iurp wklv vhfwlrq1 Iluvw/ dv|pphwulf lqiru0
pdwlrq uhgxfhv h{shfwhg zhoiduh dqg pdnhv lw pruh gl!fxow wr nhhs wrjhwkhu wkh ihghudwlrq1 Vhfrqg/ lq
rughu wr frsh zlwk dv|pphwulf lqirupdwlrq/ wkh vrfldo frqwudfw pd| olplw wkh lqwurgxfwlrq ri vhfhvvlrq
uxohv/ qrw doorzlqj wkh frxqwulhv wr ohdyh wkh ihghudwlrq dw }hur frvw hyhq zkhq lw zrxog olnh wkhp wr
gr vr> wkdw lv/ zkhq glvvroylqj wkh ihghudwlrq lv rswlpdo h{ dqwh dqg qrw rqo| h{ srvw1 Wklv srolf| pd|
eh qhhghg wr vdwlvi| wkh lqfhqwlyh frpsdwlelolw| frqvwudlqwv1 Wkh lpsolfdwlrq lv wkdw xqghu dv|pphwulf
lqirupdwlrq wkhuh pd| eh vwdwhv ri wkh zruog zkhuh wkh frxqwulhv vxhu khdy| zhoiduh orvvhv h{ srvw >
lqghhg/ dv zh kdyh vkrzq deryh/ xqghu dv|pphwulf lqirupdwlrq frxqwulhv pd| hqg xs zlwk wkh sd|rv
ri wkh vhfhvvlrq zdu/ zkhuhdv wklv zdv qhyhu srvvleoh xqghu ixoo lqirupdwlrq1
Wkh uhvxowv frxog eh glhuhqw li zh kdg doorzhg wkh frxqwulhv wr uhqhjrwldwh wkh frqwudfw h{ srvw1
Sd|lqj wkh frvw ri d vhfhvvlrq wr euhdn wkh ihghudwlrq/ zkhq wkh vdph frxog eh glvvroyhg dw }hur
frvw iru hyhu|erg| pd| qrw dsshdu d yhu| fuhgleoh rxwfrph1 Rq wkh rwkhu kdqg/ wkh srvvlelolw| ri
uhqhjrwldwlrq zrxog prgli| wkh lqfhqwlyh frpsdwlelolw| frqvwudlqwv1 Uhqhjrwldwlrq h{ srvw vkrxog eh
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fruuhfwo| prghohg dv d edujdlqlqj sureohp xqghu dv|pphwulf lqirupdwlrq/ exw xqiruwxqdwho| lq wklv
fdvh wkh uhvxowv duh vhqvlwlyh wr wkh dvvxpswlrqv pdgh rq wkh vwuxfwxuh ri wkh qhjrwldwlrq surfhvv1 Zh
suhihu wr ohdyh wkh pdwwhu khuh dqg vlpso| qrwh wkdw zkdwhyhu wkh iudphzrun fkrvhq wr prgho wklv
nlqg ri sureohp/ edujdlqlqj xqghu dv|pphwulf lqirupdwlrq lq jhqhudo grhv qrw ohdg wr Sduhwr h!flhqw
rxwfrphv451 Wkxv/ zh eholhyh wkdw wkh srvvlelolw| ri d vhfhvvlrq zdu xqghu dv|pphwulf lqirupdwlrq lv
urexvw wr wkh lqwurgxfwlrq ri uhqhjrwdlwlrq xqghu dv|pphwulf lqirupdwlrq1
9 Frqfoxglqj Uhpdunv1
Zh ehjdq wklv zrun e| dvnlqj d ihz vlpsoh txhvwlrqv= vkrxog vhfhvvlrq uxohv eh lqwurgxfhg lq d ihghudo
frqvwlwxwlrqB Dqg li vr/ krz vkrxog wkh| eh vwuxfwxuhgB Wkh sdshu rhuv wkh iroorzlqj dqvzhuv1 Wkh
edvlf wudgh0r lq fkrrvlqj rswlpdo vhfhvvlrq uxohv lv ehwzhhq wkh h{ srvw ehqhwv ri uhgxflqj wkh frvw ri
glvvroylqj wkh ihghudwlrq dqg wkh h{ dqwh ehqhwv ri fuhgleo| frpplwwlqj wr wkh ihghudwlrq1 Wkh vshflf
ihdwxuhv ri wkh uxohv ghshqg rq wkh hfrqrplf dqg lqvwlwxwlrqdo iudphzrun lq zklfk wkh ihghudwlrq
rshudwhv1 Dvvxplqj wkdw wkh phpehu frxqwulhv fdq zulwh d frpsohwh frqwudfw dw wkh wlph ri mrlqlqj
lq d ihghudwlrq/ zh jhw d yhu| qhdw fkdudfwhul}dwlrq ri wkh rswlpdo vhfhvvlrq uxohv1 Xqghu frqglwlrqv
ri ixoo lqirupdwlrq/ vhfhvvlrq uxohv pd| ru pd| qrw eh lqwurgxfhg/ ghshqglqj rq wkh uhohydqfh ri wkh
ehqhwv h{ dqwh wr frpplw wr wkh ihghudwlrq/ zklfk lq wxuq ghshqg rq wkh h{dfw ihdwxuhv ri wkh sxeolf
jrrg zklfk lv rhuhg e| wkh ihghudwlrq1 Krzhyhu/ li wkh| duh lqwurgxfhg/ vhfhvvlrq uxohv vkrxog xvxdoo|
wdnh wkh irup ri dq xqfrqglwlrqdo uljkw wr vhfhgh> ehfdxvh ri wkh ghdgzhljkw orvv ri wd{dwlrq/ qr
prqhwdu| frpshqvdwlrq vkrxog eh sdlg e| wkh ohdylqj frxqwulhv1 Ixuwkhupruh/ dowkrxjk wkh rswlpdo
vhfhvvlrq uxohv  ru udwkhu wkh odfn ri wkhp  pd| lqgxfh vrph zhoiduh orvv h{ srvw/ d vhfhvvlrq zdu
lv qhyhu srvvleoh1 Wkh frqvwlwxwlrq zrxog dozd|v suhihu wr ohw wkh frxqwulhv ohdyh shdfhixoo| li wkh
dowhuqdwlyh lv d frvwo| zdu1
45Qrwlfh wkdw uhqhjrwldwlrq pd| fuhdwh sureohpv hyhq li wkh vrfldo frqwudfwv suhvfulehv qr wudqvihuv/ vlqfh wkhuh pd|
eh rssruwxqlwlhv wr euleh vrphrqh hovh lq o|lqj lq rughu wr euhdn wkh ihghudwlrq1
5:
Uhvxowv pd| fkdqjh li wkhuh lv dv|pphwulf lqirupdwlrq1 Lq wkdw fdvh/ lw pljkw eh rswlpdo qrw
wr lqwurgxfh vhfhvvlrq uxohv dw doo dw wkh frqvwlwxwlrqdo ohyho/ dowkrxjk wklv pd| ohdg wr d frvwo|
vhfhvvlrq zdu xqghu vrph uhdol}dwlrq ri wkh vwdwhv ri wkh zruog1 Ixuwkhupruh/ zkhq vhfhvvlrq uxohv duh
lqwurgxfhg/ wkh| pd| dovr wdnh wkh irup ri d frqglwlrqdo uljkw wr vhfhgh/ zlwk wkh ohdylqj frxqwulhv
ehlqj irufhg wr sd| prqhwdu| frpshqvdwlrqv wr wkh uhpdlqlqj frxqwulhv1 Wkh uhdvrq iru wklv uhyhuvdo
ri uhvxowv lv wkdw xqghu dv|pphwulf lqirupdwlrq wkh frxqwulhv zklfk ehqhw iurp wkh ihghudwlrq h{
srvw pd| kdyh dq lqfhqwlyh wr olh lq rughu wr dyrlg sd|lqj frpshqvdwlqj wudqvihuv1 Dv wkh ihghudwlrq
euhdnv xs pruh hdvlo| zkhq wkh ehqhwlqj frxqwulhv olh/ lw pd| eh rswlpdo wr pdnh lw pruh frvwo| wr
euhdn wkh ihghudwlrq/ vr dv wr lqgxfh wuxwkixo uhyhodwlrq ri w|shv1 Dv d uhvxow/ krzhyhu/ vhyhuh zhoiduh
orvvhv pd| rffxu xqghu dv|pphwulf lqirupdwlrq li wkh ihghudwlrq hqgv xs euhdnlqj xs1
Rxu uhvxowv duh urxjko| frqvlvwhqw zlwk wkh hpslulfdo hylghqfh rq h{lvwlqj ihghudwlrqv1 Ihz frqvwl0
wxwlrqv doorz iru shdfhixo vhfhvvlrqv/ dqg zkhq wkh| gr/ wkh| xvxdoo| surylgh dq xqfrqglwlrqdo uljkw wr
vhfhgh1 Rxu uhvxowv pd| dovr eh xvhg wr txhvwlrq wkh rswlpdolw| ri wkh fxuuhqw frqvwlwxwlrqdo duudqjh0
phqwv lq wkh Hxurshdq Prqhwdu| Xqlrq/ zklfk gr qrw frqvlghu dq| vhfhvvlrq uxoh1 Zh wklqn krzhyhu
wkdw wkh lvvxh ghvhuyhv pruh uhvhdufk1 Rq wkh rqh kdqg/ dv wkh dqdo|vlv zdv phdqw wr fdvw vrph oljkw
rq d vr idu qhjohfwhg lvvxh/ wkh prgho kdv ehhq zloolqjo| nhsw dw yhu| vlpsoh ohyho1 Vhyhudo h{whqvlrqv
+vxfk dv iru lqvwdqfh wr doorz iru dv|pphwulf dqg ulvn dyhuvh frxqwulhv, zrxog eh zruwk pdnlqj lq
rughu wr fdvw ixuwkhu oljkw rq wkh fkdudfwhulvwlfv ri h{lvwlqj ihghudwlrqv1 Rq wkh rwkhu kdqg/ rxu uh0
vxowv fuxfldoo| ghshqg rq wkh srvvlelolw| ri xvlqj frpsohwh frqwudfwv dw wkh frqvwlwxwlrqdo ohyho1 Wkh
cfrpsohwh frqwudfwv* sdudgljp lv d xvhixo ehqfkpdun/ dqg dv zh kdyh douhdg| dujxhg/ lw pljkw qrw eh
wrr edg dq dvvxpswlrq iru vrph h{lvwlqj ihghudwlrqv1 Krzhyhu/ lq pdq| rwkhu fdvhv/ frqvwlwxwlrqv duh
suredeo| ehwwhu vhhq dv lqfrpsohwh frqwudfwv1 Wkdw lv/ ehfdxvh ri wkh lpsrvvlelolw| ri suhglfwlqj dqg
ghvfulelqj h{ dqwh doo ixwxuh frqwlqjhqflhv/ frqvwlwxwlrqv fdq rqo| vshfli| surfhgxuhv wr pdnh ghflvlrqv
zklfk duh lqghshqghqw ri frqwlqjhqflhv +vhh Gl{lw/ 4<<9/ Wdehoolql dqg Shuvvrq/ 4<<<> Djklrq dqg
Erowrq/ 4<<;,1 Lq rxu frqwh{w/ rqh vkrxog wkhuhiruh dvn zklfk rswlpdo surfhgxuhv vkrxog eh fkrvhq
5;
dw wkh frqvwlwxwlrqdo ohyho wr doorz iru shdfhixo vhfhvvlrq/ wdnlqj lqwr dffrxqw wkh wudgh0r ehwzhhq
h{ dqwh dqg h{ srvw rswlpdolw| zklfk lv lpsolflw lq wkh vhfhvvlrq uxohv1 Zh wklqn wkdw h{whqglqj rxu
dqdo|vlv wr wkhvh lvvxhv zrxog eh d yhu| lqwhuhvwlqj dyhqxh iru ixuwkhu uhvhdufk1
Dsshqgl{
Surri ri Sursrvlwlrq 41 Li zh ljqruh wkh h{ srvw lqglylgxdo udwlrqdolw| frqglwlrqv/ rswlpdolw|
uhtxluhv wkdw wkh ihghudwlrq eh pdlqwdlqhg lq doo vwdwhv ri wkh zruog vxfk wkdw=
6 .
[
'
  3 +43,
Li   f/ wkh h{ srvw sduwlflsdwlrq frqvwudlqwv duh vdwlvhg zkhq qr wudqvihu rffxuv1 Wkhuhiruh lq wkdw
fdvh lw lv erwk ihdvleoh dqg ghvludeoh wr pdlqwdlq wkh ihghudwlrq1 Qrwlfh wkdw li   f wkhq frqglwlrq
+7, lv htxlydohqw wr frqglwlrq +43,1 Li  ? f wkhq frpshqvdwlqj wudqvihuv duh qhhghg1 Vlqfh wudqvihu
duh vrfldoo| frvwo|/ rswlpdolw| uhtxluhv wkdw wkh| eh htxdo wr wkh orzhvw srvvleoh dprxqw1 Wkhuhiruh/ dq
djhqw ri w|sh  uhfhlyhv d wudqvihu W @  + . f,1 Wkh dvvrfldwhg frvw lv W iru hdfk djhqw ri w|sh 
vr wkdw/ rqfh wkh lqglylgxdo udwlrqdolw| frqvwudlqw ri w|sh  kdv ehhq wdnhq lqwr dffrxqw/ wkh frqglwlrq
iru vrfldo rswlpdolw| ehfrphv=
[
'

  pd{ i3> + . f,j

 6 +44,
Zh kdyh wr pdnh vxuh wkdw wkh lqglylgxdo udwlrqdolw| frqvwudlqw iru w|shv  lv vdwlvhg1 Ohw m eh wkh
qxpehu ri w|shv  dw vwdwh ri wkh zruog  @

> 2> 

1 Li m @ 6 wkhq lw lv qrw ihdvleoh wr nhhs wkh
ihghudwlrq wrjhwkhu/ dqg lw fdq eh vhhq wkdw lq wklv fdvh frqglwlrq +7, lv ylrodwhg1 Vxssrvh m ? 6= Wkh
h{ srvw lqglylgxdo udwlrqdolw| frqvwudlqw iru w|sh  lv qrz=
 
m
6 m
W +4 . ,  f +45,
5<
vlqfh d wrwdo vxevlg| mWkdv wr eh sdlg wr w|shv / uhvxowlqj lq d shu fdslwd sd|phqw ri 3 
W +4 . ,
iru hdfk w|sh 1 Xvlqj W @  + . f,/ lqhtxdolw| +45, fdq eh zulwwhq dv=
+6 m,  . m . m + . f,   +6 m, f mf
zklfk fdq dovr eh zulwwhq dv=
[
'

  pd{
q
3>

 . f
r
 6f +46,
Wkhuhiruh/ pdlqwdlqlqj wkh ihghudwlrq lv erwk ghvludeoh dqg ihdvleoh zkhq lqhtxdolwlhv +44, dqg +46,
duh erwk vdwlvhg1 Wklv lv htxlydohqw wr frqglwlrq +7,1
Surri ri Ohppd 41 Zh kdyh douhdg| vkrzq wkdw wkh ghflvlrq wr glvvroyh lv uhqhjrwldwlrq surri1
Vxssrvh wkdw wkh frqvwlwxwlrq suhvfulehv wkdw wkh ihghudwlrq vkrxog eh pdlqwdlqhg1 Lq wklv fdvh/ hdfk
frxqwu| zlwk  @  lv sdlg d wudqvihu W @ pd{ i3> + . f,j1 Wkh wrwdo wd{ wr eh sdlg lv mW +4 . ,
dqg hdfk frxqwu|  sd|v 
WEnb
3 1 D frxqwu| ri w|sh  dozd|v uhfhlyhv d qhjdwlyh xwlolw| +l1h1 f,
zkhq wkh ihghudwlrq lv pdlqwdlqhg1 Li lw dovr wxuqv rxw wkdw   
WEnb
3  3 wkhq wkh frxqwulhv zloo
uhqhjrwldwh dqg djuhh wr glvvroyh wkh ihghudwlrq dw }hur frvw1 Lw lv lpphgldwh wr vhh wkdw lq wklv fdvh
frqglwlrq +8, lv ylrodwhg1
Vxssrvh wkhq wkdw   
WEnb
3 A 31 Lq wklv fdvh wkh ihghudwlrq zrxog eh glvvroyhg rqo| li w|sh 
frxqwulhv zhuh deoh wr frpshqvdwh wkh w|sh  frxqwulhv1 Iru wklv wr eh wkh fdvh/ lw pxvw eh srvvleoh wr
qg d wudqvihu U vxfk wkdw=
U   
mW +4 . ,
6 m

+6 m,
m
U +4 . ,   . W
Wkh uvw lqhtxdolw| vwdwhv wkdw wkh wudqvihu uhfhlyhg e| d frxqwu| zlwk w|sh  pxvw eh hqrxjk wr pdnh
lw dffhsw wkh glvvroxwlrq ri wkh ihghudwlrq1 Wkh wrwdo wd{ wr eh sdlg lv +6 m,U +4 . , > dqg lw lv
glylghg dprqj wkh m frxqwulhv zlwk w|sh / vr wkdw wkh vhfrqg lqhtxdolw| lpsolhv wkdw frxqwulhv zlwk
w|sh  duh zloolqj wr sd| wkh wd{ lq rughu wr jhw wkh ihghudwlrq glvvroyhg1 Wkh wudqvihu U h{lvwv/ vr
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wkdw uhqhjrwldwlrq lv srvvleoh/ li=
3  +4 . ,

+6 m,   mW +4 . ,

. m + . W,
Wklv lpsolhv wkdw uhqhjrwldwlrq fdq eh suhyhqwhg rqo| li 8, krogv1
Surri ri sursrvlwlrq 51 Wkh sursrvlwlrq lv rewdlqhg hvwdeolvklqj wkh iroorzlqj ohppdv1
Ohppd 5 Dvvxph wkdw frqglwlrq +8, lv qrw vdwlvhg dw vwdwh ri wkh zruog 1 Wkhq dq| vrfldo frqwudfw
wkdw pdlqwdlqv wkh ihghudwlrq dw vwdwh  dqg jlyhv d srvlwlyh wudqvihu wr frxqwulhv ri w|sh  lv qrw
uhqhjrwldwlrq surri1
Surri1 D vxevlg| wr frxqwulhv ri w|sh  fdq rqo| eh sdlg li  A f/ rwkhuzlvh wkh sduwlflsdwlrq
frqvwudlqw iru w|shv  zrxog eh ylrodwhg1 Lq wkdw fdvh zh kdyh W @ 3 dqg vlqfh +8, lv ylrodwhg zh
kdyh=
+6 m,  . m ?  +6 m, = +47,
Vxssrvh wkdw wkh vrfldo frqwudfw suhvfulehv d srvlwlyh wudqvihu  wr frxqwulhv zlwk w|sh 1 Lq rughu wr
uhqhjrwldwh wkh frqwudfw dqg glvvroyh wkh ihghudwlrq lw kdv wr eh srvvleoh wr frpshqvdwh frxqwulhv ri
w|sh 1 Wkhuhiruh/ uhqhjrwldwlrq rffxuv li zh fdq qg U vxfk wkdw=
U   .  
6 m
m
U +4 . ,   
6 m
m
 +4 . ,
Frpelqlqj wkh wzr lqhtxdolwlhv/ zh vhh wkdw uhqhjrwldwlrq lv srvvleoh li=
 +6 m,   +6 m,  . m=
zklfk lv h{dfwo| frqglwlrq +47,1
Ohppd 6 Dvvxph wkdw frqglwlrq +8, lv qrw vdwlvhg dw vwdwh ri wkh zruog 1 Wkhq wkhuh lv qr
uhqhjrwldwlrq0surri vrfldo frqwudfw vxfk wkdw wkh ihghudwlrq lv pdlqwdlqhg dw vwdwh  lq shulrg 41
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Surri1 Zh rqo| qhhg wr zruu| derxw wudqvihuv wr frxqwulhv ri w|sh 1 Vlqfh +8, lv ylrodwhg zh kdyh=
+6 m,  . m ?  +6 m,  . mW +5 . , +48,
Dvvxph wkdw d wudqvihu  A W lv sdlg wr frxqwulhv ri w|sh 1 Uhqhjrwldwlrq rffxuv li wkh xwlolw| ri hdfk
frxqwu| lv qhjdwlyh1 Ixuwkhupruh/ xwlolw| fdqqrw eh srvlwlyh iru erwk w|shv/ vlqfh wklv zrxog lpso|
wkdw frqglwlrq +8, lv vdwlvhg1 Zh kdyh wkhuhiruh wr frqvlghu rqo| fdvhv lq zklfk hlwkhu wkh xwlolw| ri
w|sh  ru wkh xwlolw| ri w|sh  lv vwulfwo| srvlwlyh1 Ohw xv orrn dw wkh wzr fdvhv1
Fdvh 4=  .  A 3/   
3
 +4 . , ? 3= Lq wklv fdvh w|shv  kdyh wr frpshqvdwh w|shv  lq rughu wr
glvvroyh wkh ihghudwlrq1 Uhqhjrwldwlrq lv srvvleoh li wkhuh h{lvwv U vdwlvi|lqj=
U   .  
m
6 m
U +4 . ,   
m
6 m
 +4 . ,
zklfk |lhogv wkh frqglwlrq=
+6 m,  . m  m +49,
Iurp +49, dqg +48,/ zh frqfoxgh wkdw uhqhjrwldwlrq lv dozd|v srvvleoh li=
m A mW  +6 m,  . mW +4 . , +4:,
Li W @ 3 lw lv lpphgldwh wr vhh wkdw +4:, lv vdwlvhg1 Li W @  + . f, wkhq zulwh wkh frqglwlrq dv=
+6 m,  . m  mW A 5mf +4;,
Vxssrvh +4;, grhv qrw krog/ wkdw lv
+6 m,  . m  mW  5mf +4<,
Wkh lqglylgxdo udwlrqdolw| frqvwudlqw iru w|shv  lpsolhv=
 +6 m, f  +6 m,   m +4 . ,
Xvlqj qrz wkh lqhtxdolw| m + . , A 3 dqg dgglqj xs erwk vlghv zh rewdlq=
 +6 m, f  +6 m,  . m  m +53,
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dgglqj +4<, dqg +53, rq erwk vlghv zh rewdlq=
m +  W,  6f +4 m, @,  ? W
Wklv lv lpsrvvleoh/ vlqfh W lv wkh orzhvw wudqvihu wkdw fdq eh jlyhq wr w|shv 1
Fdvh 5=  .  ? 3/   
3
 +4 . , A 31 Lq wklv fdvh uhqhjrwldwlrq lv srvvleoh li=
m +5 . ,  +6 m,   +6 m,  . m
Iurp +48, zh kdyh wkdw uhqhjrwldwlrq lv dozd|v srvvleoh li=
 +6 m,  . mW +5 . ,  m +5 . ,  +6 m, 
zklfk/ diwhu vlpsolfdwlrqv wxuqv rxw wr eh htxlydohqw wr=
  W
zklfk lv dozd|v vdwlvhg1
Surri ri sursrvlwlrq 71 Zh uvw hvwdeolvk wkh iroorzlqj ohppdv1
Ohppd 7 Vxssrvh  ? f1 Wkhq iru hyhu| ihdvleoh vrfldo frqwudfw lw pxvw eh wkh fdvh wkdw iru hdfk
vwdwh ri wkh zruog  vxfk wkdw g +," +, A 3 zh kdyh   +, @ 3 li  @ 1
Surri1 Li g +," +, A 3 wkhq h{ srvw udwlrqdolw| kdv wr eh vdwlvhg1 Vlqfh zh duh dqdo|}lqj wkh fdvh
 ? f/ w|sh  pxvw uhfhlyh d vwulfwo| srvlwlyh wudqvihu1 Wkhuhiruh/ lq hyhu| v|pphwulf frqvwlwxwlrq
w|sh  pxvw sd| d wd{ zkhqhyhu wkh ihghudwlrq lv pdlqwdlqhg dqg dw ohdvw rqh w|sh  lv suhvhqw1 Li qr
w|sh  lv suhvhqw wkhq }hur wudqvihuv duh lpsolhg e| v|pphwu|1
Ohppd 8 Wkh suredelolw| ri glvvroylqj wkh ihghudwlrq lv kljkhu zkhq d w|sh  lv dqqrxqfhg/ wkdw lv=
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Surri1 Wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw iru w|sh  fdq eh zulwwhq dv=
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Wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw iru w|sh  lv=
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Vxpplqj xs rq erwk vlghv wkh wzr lqfhqwlyh frpsdwlelolw| frqvwudlqwv dqg vlpsoli|lqj zh rewdlq=
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Wkhuhiruh wkh iroorzlqj lqhtxdolw| pxvw krog=
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frqfoxglqj wkh surri1
Ohppd 8 lv xvhg wr suryh wkh iroorzlqj1
Ohppd 9 Lw lv qhyhu wkh fdvh wkdw d frxqwu| ri w|sh  uhfhlyhv dw vrph vwdwh ri wkh zruog vxfk wkdw
g

> 3

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
> 3

A 3 d vxevlg|  

> 3

A  + . f,1
Surri1 Ehfdxvh ri wkh ghdgzhljkw frvw / wudqvihuv hqwhu qhjdwlyho| lqwr wkh remhfwlyh ixqfwlrq1 Lw
fdqqrw wkhuhiruh eh wkh fdvh wkdw/ dw dq rswlpdo srlqw/ qr frqvwudlqw lv elqglqj1 Lq sduwlfxodu/ hlwkhu
LF ru LF pxvw eh elqglqj1 Fohduo|/ d uhgxfwlrq lq  

> 3

grhv qrw ylrodwh LF1 Wkhuhiruh/ LF pxvw
krog zlwk htxdolw|1
Vxssrvh uvw wkdw xqghu wkh rswlpdo frqwudfw wkh clqghshqghqfh zdu* lv ghfoduhg zlwk srvlwlyh
suredelolw| zkhq frxqwu| l dqqrxqfhv / wkdw lv wkhuh h{lvwv d vwdwh

>e3 vxfk wkdw "3 >e3 ? 41
Wklv vrfldo frqwudfw fdqqrw pd{lpl}h h{shfwhg xwlolw|1 Zh fdq qg d ihdvleoh vwulfw lpsuryhphqw ryhu
wkh frqwudfw e| lqfuhdvlqj "3

>e3 dqg dw wkh vdph wlph uhgxflqj erwk   > 3 dqg wd{hv lq
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d zd| wkdw edodqfh wkh exgjhw1 Wklv fdq eh grqh pdnlqj vxuh wkdw wkh wzr lqfhqwlyh frpsdwlelolw|
frqvwudlqwv duh vdwlvhg/ dv zhoo dv doo rwkhu frqvwudlqwv1 Vlqfh wudqvihuv duh uhgxfhg dqg wkh vhfhvvlrq
frvw lv sdlg zlwk orzhu suredelolw|/ wkh h{shfwhg vrfldo xwlolw| lqfuhdvhv1
Vxssrvh qrz wkdw lqghshqghqfh zdu lv qhyhu ghfoduhg/ wkdw lv "3

> 3

@ 4 dozd|v1 Vlqfh LF
krogv zlwk htxdolw| zh kdyh=
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A 3 iru vrph 3 wkhq wkh LF frqvwudlqw pxvw krog zlwk htxdolw|1 Lq wklv fdvh lw lv srvvleoh
wr uhgxfh vlpxowdqhrxvo|  

> 3

dqg  

> 3

dqg nhhs erwk frqvwudlqwv vdwlvhg zlwk htxdolw|/
zkloh lpsurylqj vrfldo zhoiduh1 Wkxv/ wkh sursrvhg srolf| lv qrw rswlpdo1
Li  

> 3

@ 3 wkhq zh dovr kdyh W 

> 3

@ 3 dozd|v1 Wklv pxvw eh wkh fdvh zkhq g +, @ 41
Li g +, @ 3 wkhq srvlwlyh wd{hv pd| rqo| eh qhhghg wr qdqfh wudqvihuv wr wkh kljk w|sh ru wr nhhs
lqfhqwlyhv doljqhg1 Wkh uvw prwlyh fdqqrw krog/ vlqfh  

> 3

@ 31 Dv iru wkh vhfrqg prwlyh/
uhgxflqj W 

> 3

grhv qrw ylrodwh wkh LF1 Frqvlghulqj qrz LF/ li wkh frqvwudlqw lv qrw elqglqj
wkhq wkhuh lv qr sureohp1 Li lw*v elqglqj wkhq wd{hv duh wkurzq dzd|/ vlqfh  

> 3

@ 3= Wklv lv
grplqdwhg e| d srolf| lq zklfk wd{hv duh uhgxfhg dqg wd{ uhyhqxh lv +dw ohdvw sduwldoo|, glvwulexwhg
wr wkh kljk w|shv1 Wklv fdq eh grqh nhhslqj wkh wzr lqfhqwlyh frqvwudlqwv vdwlvhg1 Wkhq wkh htxdolw|
ehfrphv=
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Wkh htxdolw| fdqqrw krog/ vlqfh e| dqqrxqflqj  wkh frxqwu| grhv vwulfwo| ehwwhu1 E| ohppd 8 wkh
suredelolw| ri glvvroylqj wkh ihghudwlrq lv kljkhu/ dqg wkh sd|phqwv duh orzhu1 Wklv hqgv wkh surri ri
wkh ohppd1
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Wkh wzr ohppdv lpso| wkdw zh fdq uhvwulfw rxu dwwhqwlrq wr vrfldo frqwudfwv vxfk wkdw   +, @ W
zkhqhyhu g +," +, A 31 Lw lv fohdu wkdw dw hdfk vwdwh ri wkh zruog wd{hv duh vhw dw wkh ohyho wkdw
edodqfh wkh exgjhw/ wkdw lv zkhqhyhu wkh ihghudwlrq lv pdlqwdlqhg wd{hv dqg vxevlglhv duh h{dfwo| dv
lq wkh frpsohwh lqirupdwlrq vlwxdwlrq1 Wkh uhdvrq lv wkdw wd{hv hqwhu qhjdwlyho| lqwr wkh remhfwlyh
ixqfwlrq dqg fdq rqo| fuhdwh sureohpv iru wkh LF frqvwudlqw ri w|sh 1
Surri ri sursrvlwlrq 81 Li f ?  wkhq wkh rswlpdo vrfldo frqwudfw xqghu frpsohwh lqirupdwlrq douhdg|
lqfoxghv doo srvvleoh vrfldo vwdwhv lq zklfk lw lv ihdvleoh wr pdlqwdlq wkh ihghudwlrq1 Wkhuhiruh/ lq wklv
fdvh wkh vhw ri vwdwhv xqghu zklfk lw wxuqv rxw g +," +, A 3 lq wkh rswlpdo lqfrpsohwh lqirupdwlrq
vrfldo frqwudfw lv qhfhvvdulo| +zhdno|, lqfoxghg lq wkh vhw ri vwdwhv ri wkh zruog iru zklfk wkh ihghudwlrq
lv pdlqwdlqhg xqghu wkh frpsohwh lqirupdwlrq frqwudfw1
Vxssrvh qrz f  1 Revhuyh wkdw wkhuh duh rqo| wkuhh srvvleoh srolflhv xqghu frpsohwh lqirupdwlrq=
4, Pdlqwdlq wkh ihghudwlrq zkhq wkh vwdwh lv
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6, Pdlqwdlq wkh ihghudwlrq zkhq wkh vwdwh lv lq wkh vhw
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Lq wkh uvw fdvh qr lqfhqwlyh sureohp dulvhv/ vlqfh wkhuh duh qr wudqvihuv1 Wkh rswlpdo frqwudfw
xqghu lqfrpsohwh lqirupdwlrq lv wkhuhiruh wkh vdph dv xqghu frpsohwh lqirupdwlrq1 Lq wkh odvw fdvh/
wkh rqo| vwdwh ri wkh zruog lq zklfk wkh ihghudwlrq lv qrw pdlqwdlqhg lv +> > ,1 Lw fdq qhyhu eh wkh
fdvh wkdw g +> > ," +> > , A 3 xqghu wkh lqfrpsohwh lqirupdwlrq frqwudfw/ vlqfh HSLU iru w|sh  lv
ylrodwhg1 Wkxv/ lw djdlq wxuqv rxw wkdw wkh vhw ri vwdwhv xqghu zklfk lw g +," +, A 3 lq wkh rswlpdo
lqfrpsohwh lqirupdwlrq vrfldo frqwudfw lv +zhdno|, lqfoxghg lq wkh vhw ri vwdwhv ri wkh zruog iru zklfk
wkh ihghudwlrq lv pdlqwdlqhg xqghu wkh frpsohwh lqirupdwlrq frqwudfw1
Zh duh ohiw zlwk wkh vhfrqg fdvh1 Zh vwduw revhuylqj wkdw wkh rswlpdo frqwudfw pxvw eh vxfk wkdw
g +> > ," +> > , @ 3 +vdph dujxphqw dv deryh, dqg g
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@ 4 +vlqfh dgglqj wklv vwdwh
fdq rqo| lpsuryh wkh LF frqvwudlqwv iru erwk w|shv,1 Wkhuhiruh zh duh ohiw zlwk rqo| wzr fdvhv vxfk
wkdw wkh vhw lq zklfk wkh ihghudwlrq lv pdlqwdlqhg lv qrw lqfoxghg lq
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1 Wklv fdqqrw eh rswlpdo ehfdxvh lw lv grplqdwhg e| wkh srolf| ri pdlqwdlq0
lqj wkh ihghudwlrq rqo| zkhq wkh vwdwh lv
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1 Qrwlfh wkdw wklv srolf| lv lqfhqwlyh frpsdwleoh
dqg uhphpehu wkdw pdlqwdlqlqj wkh ihghudwlrq dw
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kdv qhjdwlyh vrfldo xwlolw|1
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> > 
r
1 Zh vkrz wkdw wklv srolf| lv dovr grplqdwhg e| wkh srolf| ri
pdlqwdlqlqj wkh ihghudwlrq rqo| zkhq wkh vwdwh lv

> > 

1 Iluvw revhuyh wkdw xqghu wkh rswlpdo
frpsohwh lqirupdwlrq srolf| lw pxvw eh wkh fdvh wkdw wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw iru
wkh kljk w|sh lv ylrodwhg/ rwkhuzlvh wkh rswlpdo srolf| xqghu lqfrpsohwh lqirupdwlrq zrxog eh
lghqwlfdo wr wkh rqh xqghu frpsohwh lqirupdwlrq1 Wkhuhiruh=
s2 . 5s +4 s,

 
4
5
W +4 . ,

? s2

 . W

Wklv lqhtxdolw| lpsolhv=
5 +4 s,

 
4
5
W +4 . ,

? s

 . W

+54,
Wkh srolf| ri pdlqwdlqlqj wkh ihghudwlrq dw vwdwh

> > 

fdq eh rswlpdo rqo| li lw frqwulexwhv
wr ohvvhq wkh lqfhqwlyh frpsdwlelolw| sureohp iru wkh kljk w|sh/ wkdw lv li=
+4 s,

  5W +4 . ,

A 5s

 . W

ru=
+4 s,

  5W +4 . ,

A 5s

 . W

+55,
Exw qrz revhuyh wkdw=
5 +4 s,

 
4
5
W +4 . ,

A +4 s,

  5W +4 . ,

vr wkdw lqhtxdolwlhv 54 dqg 55 duh lqfrpsdwleoh1
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Uhihuhqfhv
^4` Djklrq S1 dqg Erowrq/ S1/ 4<<; Lqfrpsohwh Vrfldo Frqwudfwv/ plphr/ Sulqfhwrq Xqlyhuvlw|1
^5` Dohvlqd D1/ Shurwwl U1 dqg Vsrodruh H1/ 4<<8 Wrjhwkhu ru vhsdudwho|B Lvvxhv rq wkh frvwv dqg
ehqhwv ri srolwlfdo dqg vfdo xqlrq Hxurshdq Hfrqrplf Uhylhz/ 6<= :8408;
^6` Dohvlqd D1 dqg Vsrodruh H1/ 4<<:/ Rq wkh qxpehu dqg vl}h ri qdwlrqv/ Txduwhuo| Mrxuqdo ri
Hfrqrplfv/ 445= 435:04389
^7` Dohvlqd D1/ Vsrodruh H1 dqg Zdf}ldj U1/ 4<<:/ Hfrqrplf lqwhjudwlrq dqg srolwlfdo glvlqwhjudwlrq/
QEHU z1s1 qJ94961
^8` Dsrowh W1/ 4<<:/ Vhfhvvlrq fodxvhv= d wrro iru wkh wdplqj ri dq dulvlqj Ohyldwkdq lq EuxvvhovB
Frqvwlwxwlrqdo Srolwlfdo Hfrqrp|/ ;= 8:0:31
^9` Eodxvwhlq D1S1 dqg Iodq}/ J1K/ 4<<;/ Frqvwlwxwlrqv ri wkh frxqwulhv ri wkh zruog= d vhulhv ri
xsgdwhg wh{wv/ frqvwlwxwlrqdo fkurqrorjlhv dqg dqqrwdwhg eleolrjudsklhv/ Rfhdqd/ Orqgrq1
^:` Ehuqkro}/ S1/ 4<<4/ Lqvwlwxwlrqdo dvshfwv ri wkh Hxurshdq Lqwhjudwlrq lq Eruqhu/ V1 dqg Juxeho/
K1 +hgv, Wkh HF diwhu Pddvwulfkw1 Shuvshfwlyhv iurp wkh rxwvlgh1 PdfPloodq/ Orqgrq1
^;` Erowrq/ S1 dqg Urodqg J1/ 4<<:/ Wkh euhdn0xs ri qdwlrqv= d srolwlfdo hfrqrp| dqdo|vlv Txduwhuo|
Mrxuqdo ri Hfrqrplfv/ 445= 438:043;<1
^<` Erowrq/ S1/ Urodqg J1 dqg Vsrodruh H1/ 4<<9 Hfrqrplf wkhrulhv ri wkh euhdn0xs dqg lqwhjudwlrq
ri qdwlrqv Hxurshdq Hfrqrplf Uhylhz/ 73= 9<:0:381
^43` Errnpdq/ P1]1 / 4<<6/ Wkh Hfrqrplfv ri Vhfhvvlrq Vw1 Pduwlq Suhvv/ Qhz \run1
^44` Erugljqrq P1/ Pdqdvvh/ S1 dqg Wdehoolql/ J1 4<<9 Rswlpdo uhjlrqdo uhglvwulexwlrq xqghu dv|p0
phwulf lqirupdwlrq FHSU glvfxvvlrq sdshuv/ q1476:1
6<
^45` Exfkdqdq M1P1/ 4<<3/ Hxursh*v Frqvwlwxwlrqdo Rssruwxqlw| lq Ylehuw/ I1 +hg1, Hxursh*v Frq0
vwlwxwlrqdo Ixwxuh/ LHD/ Orqgrq1
^46` Exfkdqdq M1P1 dqg Idlwk/ U1O1 4<;: Vhfhvvlrq dqg wkh olplwv ri wd{dwlrq= wrzdug d wkhru| ri
lqwhuqdo h{lw Wkh Dphulfdq Hfrqrplf Uhylhz ::= 4356043641
^47` Fdvhood/ D1/ 4<<5 Rq pdunhwv dqg foxev= hfrqrplf dqg srolwlfdo lqwhjudwlrq ri uhjlrqv zlwk
xqhtxdo surgxfwlylw|  Hxurshdq Hfrqrplf Uhylhz/ ;5= 4480541
^48` Fkhq/ \1/ dqg Rughuvkrrn/ S1F1/ 4<<7/ Frqvwlwxwlrqdo vhfhvvlrq fodxvhv Frqvwlwxwlrqdo Srolwlfdo
Hfrqrp|/ 8= 780931
^49` Fruqhv U1 dqg Gd Vloyd/ H1/ 4<<< Orfdo sxeolf jrrgv/ lqwhu0uhjlrqdo wudqvihuv dqg sulydwh lqiru0
pdwlrq/ iruwkfrplqj/ Mrxuqdo ri Xuedq Hfrqrplfv1
^4:` Gl{lw D1/ 4<<9/ Wkh Pdnlqj ri Hfrqrplf Srolf|/ PLW Suhvv1
^4;` Odrqw M1M1 4<<8 Lqfhqwlyhv lq Fklqd*v ihghudo v|vwhp/ plphr/ Xqlyhuvlw| ri Wrxorvh1
^4<` Orfnzrrg E1/ 4<<< Lqwhu0uhjlrqdo lqvxudqfh Mrxuqdo ri Sxeolf Hfrqrplfv/ :5= 406:1
^53` Udlqd/ S/ 4<<8 Wkh Frqvwlwxwlrqv ri qhz ghprfudflhv lq Hxursh Phuolq Errnv/ Qhz \run
^54` Wdehoolql J1 dqg Shuvvrq/ W1/ 4<<9 Ihghudo vfdo frqvwlwxwlrqv= ulvn vkdulqj dqg uhglvwulexwlrq/
Mrxuqdo ri Srolwlfdo Hfrqrp| / 437= <:<0433<1
^55` Wdehoolql J1 dqg Shuvvrq/ W1/ 4<<</ Srolwlfdo Hfrqrplfv dqg Sxeolf Ilqdqfh/ iruwkfrplqj Kdqg0
errn ri Sxeolf Hfrqrplfv/ Qruwk Kroodqg1
^56` Zhl/ V1/ 4<<5 Wr glylgh ru wr xqlwh= d wkhru| ri vhfhvvlrqv plphr/ Xqlyhuvlw| ri Fdoliruqld dw
Ehunhoh|1
73
^57` Zrrg/ M1U1/ 4<;4/ Vhfhvvlrq = d frpsdudwlyh dqdo|wlfdo iudphzrun/ Fdqdgldq Mrxuqdo ri Srolw0
lfdo Vflhqfhv/ 8/ 55405781
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